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0. Introduction 



H, 

■ Tom Goodwillie conjectured that one could define a Hochschild homology theory for 

^ . rings where the tensors are replaced by 'tensors' over the sphere spectrum, and get an 
, invariant which would agree with the stable K-theory of the ring. This theory, now known 
as topological Hochschild homology and denoted by THH, was defined by Marcel Bokstedt 
[B], and in [D], Bj0rn Dundas proved that it agrees, as conjectured, with stable K-theory. 

I The definition of the stable K-theory of a ring R is a shift by one dimension of the 

^ I definition of the first derivative at a point, in the sense of Goodwillie's calculus of functors, 
CN ■ of the functor which sends a pointed simplicial set X to the spectrum K{R\xR[X]). (Here 
R[X] is the simplicial abelian group which has the free i?-module on X^ modulo R ■ * 
in dimension n; ix denotes the trivial square-zero extension, with zero multiplication on 
I the adjoined ideal.) The proof incorporates Waldhausen's S-construction to show the 
^ ' topological Hochschild homology is also a shift by one dimension of the derivative of the 
iunctor K{RtKR[-]). 

X' 

I Our goal in this paper is to describe the full Taylor tower of the functor K (Rix R[--]) . 

As in [DMcl], it turns out that the method in fact applies for studying K{R\><M[—]) for 
any i?-bimodule M, but that the more natural object to construct a Taylor tower for 
is algebraic K-theory with coefficients in a bimodule, introduced there and reviewed in 
Section 9 below. In Theorem 4.1 of [DMcl], the authors define a natural weak equivalence 

K{R; BM) K{RtKM) 

which (since all the invariants we discuss for simplicial bi-modules are calculated levelwise) 
means that 

(0.1) K{R; M[EX]) ~ K{Rp<M[X]) 
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for any space X. We therefore study the functor K{R; M[—]), which by functoriahty is 
readily decomposed K{R; M[— ]) ~ K{R) x K{R; M[— ]) (see, again, the beginning of Sec- 
tion 9). By [DMcl], the best 'hnear' (excisive) approximation of the functor K{R; M[—]) 
at the one-point space * is THH(-R: M[— ]). 

In [BHM], Marcel Bokstedt, Wu-Chung Hsiang, and lb Madsen show that the topo- 
logical Hochschild homology for a functor with smash product F is a Connes cyclic object, 
with respect to levelwise cyclic rotation of the coordinates. By the theory of Connes cyclic 
objects, this gives an S'-^-action on THH(F), and for any positive n, the restriction of this 
action to the cyclic group C„s C acts simplicially on the n'th edgewise subdivision, 
sd"^THH(F). Introducing an F-bimodule P in one of the coordinates when we look at topo- 
logical Hochschild homology with coefficients THH(F; P) spoils the Connes cyclic action. 
However, in Section 2 below we define U^{F; P) to be an analog of sd"^THH(F) with n bi- 
module coefficient coordinates, and we get the same Cn action as one gets on sd'^THH(F) 
(what is lost is that sd'^THH(F) is a simplicial spectrum whose realization is homeomor- 
phic to that of THH(F) and this is not true for C/"(F;P) and U^{F;P) = THH(F;P)). 
Note that the construction we generalize is not Bokstedt's original construction of the topo- 
logical Hochschild homology of an FSP but rather the construction from [DMcl], [DMc2] 
of the topological Hochschild homology of an FSP over a category. This will be important 
in defining the map from K-theory in Section 9. 

As in [BHM], when m divides n we have restriction maps 

i?es"/^ : t/"(F; Pf- t/^(F; Pf"^. 

If one looks at the category with objects corresponding to the positive integers and 
one morphism n — > m whenever m divides n, and at its full subcategory {< n}, in Section 
4 we define 



WniF; P) = holim C/'"(F; P) 

{<n} 

W{F; P) = holim C/"'(F; P) 



NX 

In [BHM] terminology, W{F; P) is an analog of TR{F) with coefficients in a bimodule. 
Our main theorem, Theorem 9.2, states that a natural transformation 

p:K{R-M[-])^W{R-M[-]) 

which we construct induces an equivalence between the two functors on connected X. 
Moreover, by Corollary 9.3 Wn{R; M.[~]) is the n'th stage of the Goodwillie calculus Taylor 
tower of the functor K{R; M[— ]), with the tower structure maps the same as those induced 
on the homotopy inverse limits by the restriction of categories from {< n} to {< n — 
1}. In other words, W{R;M_[—]) is the Goodwillie calculus Taylor tower for the functor 
K{R; M[— ]), and the tower converges for connected X, which are the ones we care most 
about because of equation (0.1) above. 
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This equivalence is interesting even for finite sets X, where we use this method, 
and Lars Hesselholt and lb Madsen's calculation of W{Fp; Fp) = TR(Fj,) to completely 

calculate K(Fpix (©"^j^Fp))^ in a separate paper. 

To obtain this result, we start in Section 5 to use analysis like that done by Goodwillie 
in [G] for THH and TR to calculate hofib[Wn(F; P) Wn-i{F; P)] for a general FSP F 
and an F-bimodule P. Corollary 5.7 shows that 

(0.2) U'^{F;P)hc^ ~ \io&o[Wn{F;P) ^ Wn-i{F;P)l 

In Section 8, this analysis is used to show that each layer hofib[VFn(:R; ]) ~^ 
Wn-i{R, M\.~\)] is a homogenous degree n functor (this is basically Corollary 8.2): when 
F = Eand P = M[-], 

n 

C/"(^;M[X]) ~ U'^iE^M) A (/\X). 

This implies already that the Wn{R;, M_[-~]) are n-excisive functors which are the n'th stage 
of the Taylor tower of their homotopy inverse limit W(R; M[— ]). 

Section 6 contains more properties of C/" and W, specifically results involving the 
varying of the category over which the invariants are constructed: the category consisting 
of a single point, the category of finitely generated projective -R-modules, iterations of 
Waldhausen's S-construction on the latter, and intermediate categories used to go between 
these. This section generalizes results from [DMc2] , and the results are used to define the 
map P of Theorem 9.2. 

Section 7 discussed the Goodwillie calculus properties of our functors, most impor- 
tantly: showing that W{R;M_[—]) is 0-analytic (Proposition 7.14). It is already known by 
Proposition 3.2 of [Mcl] that the functor K{R; M[— ]) is 0-analytic as well. 

Thus in Section 9, after constructing the natural transformation /3, we can use a variant 
of Goodwillie's Theorem 5.3 from [G2]: it states that if there is a natural transformation 
between two p-analytic functors F and G which induces an equivalence of the differentials 
at every space X, then for (p -|- l)-connected maps X — > y, there is a Cartesian square 

F{X) G{X) 
F{Y) G{Y). 

The variant is simply the observation that the proof in [G2] requires an equivalence of the 
differentials only on p-connected X. We will want to apply it for p = 0, Y = *, and our two 
functors above to get that for 0-connected X (that is: X for which X — * is 1-connected) , 

P : K(R;M[X]) ^ W{R]M[X]). 



3 



It follows from [DMcl] that (3 induces an equivalence of the differentials at *, and the 

remainder of the paper uses that result to show an equivalence of the differentials at 
arbitrary 0-connected spaces X. Section 9 concludes by reducing our Main Theorem 9.2 
to Technical Lemma 9.4, which states that for a ring R and simplicial -R-bimodules M and 
N with N A;-connected, (3 induces a 2/s-connected map 

\^o?^h{k{R■,BM®BN) k{R;B_M)) hoGh(W{R; BM ®BN) W{R:, BM )). 

(The lemma is actually stated in terms of WiVR] — ) rather than W{R;, — ), but the two 
agree by Proposition 6.13.) 

The final two sections of the paper prove Technical Lemma 9.4. The basic strategy is 
to write 

K{R; BM®BN) ~ K{R\k{M®N) = K((i?^M)^iV) ~ K{R[><M;BN) 

and observe that by [DMcl], the homotopy fiber of the map from this to K{R\xM) ~ 
K{R; B,M), this admits a 2A;-connected map to T}iB.{Rp<M; BJ^) . Using the multilinear- 
ity of each THHy( .RixM ; B,N ) in the r FSP coordinates, and careful analysis of dimensions, 
in Corollary 10.5 we obtain a decomposition 

oo 

THH( R^M ;BJl) ^ W'iR: B.M B.M . B.N ). 

a=0 

It is much easier to see that up to order 2k + 1, W{R; B M © B N ) also decomposes into 
the same product; this is Lemma 10.3. 

Thus Section 10 establishes the plausibility of Technical Lemma 9.4, by demonstrating 
that the domain and range there are indeed equivalent up to dimension 2k. Section 11 
then traces the actual map /? through, to show that it induces a 2A;-equivalence, as desired. 

1. Functors with Smash Products 

Roughly speaking, we want to define U^{R; M) to be a simplicial spectrum with 
Cn = 'L/n'L action obtained by taking various smash products of the Eilenberg-Mac Lane 
spectra of R and M. What the homotopy type of a smash product of spectra should be has 
long been understood and there are several different models for these which are equivalent 
as spectra. However, the iteration of these constructions is generally only associative up to 
homotopy. For simplicial constructions this is not suitable since it is not sufficient to have 
the simplicial identities only up to homotopy. The solution to this problem that we will 
follow is by M. Bokstedt ([B]). His construction involves the notion of a functor with smash 
product (FSP). We will actually be needing a straightforward generalization of Bokstedt 's 
original construction suitable for categories which was developed in [DMc2] . 
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Let <S* denote the category of pointed simplicial sets. 

Definition 1.1: A functor with stabilization is a functor F from <S* to <S* together with 
a natural transformation 

Xx,Y ■■ X A F{Y) — > F{X A Y) 

such that 

i) Xso^x ■ A F{X) F{S^ A X) is the obvious isomorphism for all X e 

ii) Xx,Y/\Z o (idx A Xy,z) = Xxay,z for all X,Y,Ze S*. 

iii) If X is n-connected, then F{X) is n-connected. 

iv) Let ax '■ F{X) — > flF{T,X) be the adjoint to Agi^x- Then the following limit system 
stabilizes for each n: 

7rn\F{X)\ ^ 7r„J^|F(SX)| ^ 7rr,n^\F{E^X)\ ■ ■ ■ 



Apology: Our definition of a functor with stabilization is not as general as some would 
like as they will always be connective. The above definition is suitable for the applications 
here and we apologize to anyone who will need to make the many technical modifications 
if they need to use related results for non-connective FSP's. 

Definition 1.2: Let C be a set. A functor with stabilization over O is a functor F 
from X O X O to S^, such that for all A,B E obj{0), Fa, si ) is a functor with 
stabilization, where we use the notations Fa,b{X) and F{A, B){X) as alternative notations 
forF(X,A,S). 

For F a functor with stabilization, we let F be the spectrum with F(m) = F{S"^) 
and structure maps given by cr^m of (iii). We call F the spectrum associated to F. We 
let 7ri(F) = TTjF = lim^^oo 7rin"F(S'"). We say that F is n-connected if TTi{F) = for 
i < n. Thus by condition (ii), every functor with stabilization is — 1-connected and hence 
bounded below. A functor with stabilization over A is n-connected if for every A, B e A, 
Fa,b is n-connected. 

For F a functor with stabilization over O and F' a functor with stabilization over O', 
a morphism r] : F ^ F' is a set map C — > O' and natural transformations of functors with 
stabilization Fa,b — ^ ^vi^) n{B) A,B & O. 
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Definition 1.3: A functor with smash product over O (or just FSP) is a functor F with 
stabilization over O together with natural transformations for all A,B,C e O: 



1a;X -X FaAX) 
I^A,B,C;X,Y ■■ Fb,c{X) A Fa,b{Y) Fa,c{X A Y) 

such that 

//(^ A id) —n{id A fx) 

l^{^A;X A Ia;y) ='i-A;XAY 

>^A,B-X,Y =f^A,A,B-X,Y{^A;X ^ 'f'dFA,B{Y)) 
PA,B;X,Y =f^A,A,B;X,Y ° {idFA,B{X) A 1^;^) 

For F and F' FSP's over O and O' respectively, a morphism 77 from F to F' as FSP's is 
a set map fj : O ^ O' and morphisms of functors with stabilizations Fa,b ^fjiA) f}{B) 
which strictly commute with the natural transformations fj, and fi'. We have not assumed 
a morphism of FSP's preserves the unit. We will say a morphism is unital if it does. 



Examples: For the applications in these notes, we will primarily be interested in the 
following type of FSP. Let ^ be a linear category (its Horn sets are abelian groups and 
composition is bilinear). For any two objects A, i? e obj{A)., we define the FSP A by 

{X, A, B) ^ Hom^(A, B) ®z Z[X] 

where 7i[X] = Z[X]/Z[*]. The multiplication is given by sending smash to tensor followed 
by composition: 

AiB, C){X) A A{A, B){Y) {A{B, C) ®z A{A, B)) ®z Z[X A Y] 

^ A{A,C){X ^Y) 

and the unit at any ^ e ^ is given by the inclusion 

X ^ A{A,A){X) 
X ^ id A ® 1 • a; 



For F an FSP over O, we can form a linear category with objects the set O and whose 
Hom sets are ttqFa^b- In this way every small linear category can be thought of as a special 
case of an FSP. 

For B any category, we can form an FSP over obj{B) by 

(X, A, B) ^ HomB{A, B)+ A X 
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(where ^ denotes a disjoint basepoint). Conversely, given F an FSP over O we can form 
a category with objects the set O whose Horn sets are the set (obtained by forgetting the 
topology) ofF^,B(-50). 

Definition 1.4: Let F be an FSP over O and T a functor with stabilization over O. A 
structure of left F -module on T is a natural transformation 

Ia,b,C;X,y : FbMX) a TaMY) ^ TA,ciX A Y) 

such that 

l(liAid) =l{idM) 

^A,B;X,Y =Ia,B,B-X,y{'^B-X idTA,BiY)) 

The notion of right F-module is defined similarly. 

Example: If we write id for the identity FSP (sending X to X at any A e O), then the 
category of functors with stabilization over O is isomorphic to the category of right (left) 
zd-modules. 

Definition 1.5: A bimodule over F is a functor T with stabilization over O together with 
a structure of left and right module over F such that 

lA,C,D-X,YAziidFc,D{X) A rA,B,C;Y,z) = rA,B,D;XAY,zilB,C,D;X,Y A idp^ g{Z)) 

where r is the structure of right module over T. 

For F and F' FSP's over O and O' , respectively, and P and P' bimodules of F and 
F', a map (/; g) from (F; P) to (F'; P') is a pair of morphisms such that: 

(i) / : F ^ F' is a unital map of FSP's 

(ii) g : P ^ P' IS a, map of functors with stabilization over the same set map (9 — > as 
/, which is a map of F~bimodules if we use / to make P' into an F-bimodule 

Examples: 

(i) Let ^ be a linear category and T any bilinear functor from A°'^ x ^ to abelian groups. 
We can form the bimodule T of ^ by 

(A,S,X) ^T(A, B) ®zZ[X]. 

(ii) In particular, if Gi and G2 are two functors of linear categories ^ — , we can form 
the ^-bimodule 

{A,B,X) ^ B{Gi{A),G2{B))^z Z[X]. 
7 



(iii) If F is an FSP over O, P an F-bimodule, and Y_ a finite pointed simplicial set, we 
can construct another F-bimodule P <SiY hy letting 

{P(^Y){A,B){X) = \P{A, B){X)AY\ 

with F acting through its action on P; all we are doing here is taking a smash product 
with the realization of Y . 

(iv) In the same setting as (iii), if we know that for every A^BeO and X e 5*, 
F{A, B){X) and P{A, B){X) have abelian group structures compatible with all the 
FSP and bimodule structure maps, then we can construct yet another F-bimodule 
P[Y] by letting 

P[Y]{A,B){X) = P{A,B){X) ®z Z[r]. 

The F-bimodule structure, as before, involves only P. In degree n, [P ®Y){A, B){X) 
has P{A,B){X) A y^, and P[Y]{A,B){X) has P{A,B){X)) ®z ^[Yn]] thus there is 
an inclusion map P ®Y ^ P[Y]- Note that it induces a stable equivalence on the 
associated spectra (stabilizing, of course, in the X coordinate. The Y coordinate is 
part of the definition of the bimodule). 

2. The construction of U"^ 

Notation: Let / be the category whose objects are the natural numbers considered as 
ordered sets (n = {1 < 2 < ■ ■ ■ < n}) and whose morphisms are all injective maps. For 
any X e / we denote by |X| the cardinality of X and for any X = (Xq, . . . ,Xj) e I^'^^ 
we let UX denote Xq U Xi U . . . U Xj , where U means concatenation. 

For E a functor from the small category C to pointed spaces, we let hocolim^^c E{C) 
be a functorial choice for constructing the homotopy colimit of the functor E. We recall 
the following lemma of Bokstedt (see [B] , [M] ) . 

Lemma: Let N be any subcategory of / with the same set of objects but with exactly one 
morphism between any pair of objects n and m where n < m. Let G be a functor from 
to spaces. If the connectivity of the maps (j(no, . . . , Uj) — > GiniQ, . . . , rrij) for maps in P^'^ 
tends to infinity uniformly with Srij, then the inclusion hocolimisfj+i G — > hocolim/j+i G 
is a (weak) homotopy equivalence. 

Example 2.1: We note that there is a functor from / to pointed spaces given by sending 
the ordered finite set X to S'^-the |X|-sphere obtained by smashing together copies of 
indexed by the elements of X. Given any functor with stabilization F, we can define 
a functor from / to pointed spaces by sending the ordered set X to Map{S-^ , F{S-^)). 
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Given an injective map X Y , let (3 be some isomorphism of Y such that a = (3 o inc 
where inc is the ordered inclusion of X into the first |X|-terms of Y. The map a# from 
Map{S^,F{S^)) to Map{S^,F{S^)) is given by taking / 
composite 



e Map{S^,F{S^)) to the 



5^ A5^\^ 



fAid 



F(/3) 



Notation: Let = {ki, . . . , kn) where the /c^ are nonnegative integers. We set 

and for X G and (z, j) integers such that < j < ki we let Xj^j e / be in the j + 1-st 
position of the I^^ component of X. We let 

and for A e ^^+'^ and (z, j) integers such that < j < ki we let Aij he in the j + 1-st 
position of the ^^'+^ component of A. 



Definition 2.2: Let F be an FSP over a skeletally small category A and let P(l), . . . , P{n) 
he a sequence of F-bimodules. We define the functor V from /'^+" x A^'^'^ to spaces by 
setting V{X;A) to be: 

P(l)(^i,i, ^i,o)(^^^-°) A F(^i,2, ^i,!)!^''^-^ A ... A F(^2,o, ^i,feJ(5^^.^i)A 
P(2)(^2,i,^2,o)(-5^^'°) A F(^2,2,^2,i)(-5^^-0 A ... A F{As,o,A2m){S'''-'-)A 

P{n){An,uAn,o){S''->°) A F(^„,2,^n,i)(^''-0 A • • • A F(^i,o, ^n,feJ(5''-'=" )• 
Also, we set 

y V{X;A). 

If ^ is not itself small, we use ^'s skeleton rather than A itself here. In light of example 
6.3 below, which says that for a small category A., U'^ taken over a subcategory which is 
equivalent to all of A is C^-equivariantly homotopy equivalent to taken over A, this 
should not lead to problems when we map between small and large categories. 



Notation: Given any two pointed spaces S and T, we write Map{S, T) for the functor with 
stabilization given by sending X to Map{S, X AT). 
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Definition 2.3: Let F be an FSP over a category A and let . . . , P(n) be a se- 

quence of F-bimodules. We use the above construction of Map to define an n-simplicial 
functor with stabihzation U^{F; P{1), . . . , P(n)), which is given in simphcial dimension 
k = {ki,...,kn) by: 

hocolimGg(X), 



X£lk+r. 



where 



G,^(X) = Map (5^^), y V{X;A)\=Map{iS''^),V{X,A)). 

The stabihzation maps for the homotopy coHmit are given hke those in example 2.1. The 
face operators are induced by the natural transformations (let d{i)j be the j-th face map 
in the z-th simplicial dimension): 

where d{i)j : /('^i'---''^") jiki,...,kj-i,...,kn) ^^le functor 

/ -^1,0, • • • 5 -^l,fel \ 



Xifi, . . . , Xij U Xij+i, . . . , Xi^ki 



-Xn,Oi • • • 1 -Xn,kn 
( -^1,0, • • • 

-'^i.O, • • • 5 Xi,ki-x 
Xi^ki U Xi^i^o, . . . , Xi+i^ki+i 

\ Xnfi, . . . iXn^kn J 



\ ^n,0) • • • ) ^n,fc„_i 



if < j < n 



if j = n and i ^ n 



if j — n and i = n 



and 

d^),{X) 




ifj = 

ifO<j <ki 

if j ~ ki and i n 

if j = kn and i = n 



where (1) — (4) are determined (in increasing order) by Map{S—, ) of 
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/P(l)(Ai,i,Ai,o)(5^i-») AF(Ai,2,Ai,i)(5^i.i)A...AF(A2,o,Ai,fcJ(5^i>'=i)A\ 



r{i) 



/P(l)(Ai,i,Ai,o)(^^^'°)A 



AF(A2,o,Ai,feJ(^^i.'=i)A \ 



P(i)(Ai,i, Ai,o)(5^-°)A ... A A A . . . AF(Ai+i,o, Ai,fe,)(5'^-'=0A 



\P(n)(An,l,^n,0)(-5^-°)A 



/P(l)(Ai,i,Ai,o)(5^^'°) 



AF(Ai,2, Ai.Ol-^^^'O A ... A F{A2,o,Ai,k,){S'''''^)A \ 



P(i)(A,,i,A,,o)(5^-°) AF(A,,2,A,,i)(S'^-0 A... AF(A,,fc^,A,,fc^_i)(5^-'=.-0A 

l{i + 1) AF(A,+i,2, Ai+i.Ol^'^'+^'O A ... A F{Ai+2,o, Jl^^^+^-'^'+OA 



VP(n)(A,,i,A,,o)(-S^-°) 



AP(A„,2, An,i)(-S^-0 A • • • A P(Ai,o, A,feJ(-S'^-'^") / 



Z(l) 



AP(yli,2, A ... A P(yl2,o, Ai,fcJ(5^i.'=i)A \ 



VP(n)(A„,i,A„,o)(-5^-°) AP(A,,2,An,i)(<5^-0A...AP(A„,fc„,A„,fc„_i)(5^-'=n-i)y 



where r(j) and are the right and left actions of P{j), jJi is the product of F and both 
(3) and (4) are after composing with the necessary shuffle isomorphism of 1^+'^. The 
degeneracy maps are defined similarly using the unit of F. 

The construction of (g) f 

We now define a construction which will be useful but can be ignored by the reader 
until it is needed. Given an FSP F over a category and a left P-module P and a right 
F-module Q, we define a simplicial functor with stabilization over P®fQi as follows: 
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Given B,C e A, we define for each k E I a functor Wb,c from x A'''^^ to spaces by- 
setting Wb,c{X;A) to be: 



P{Ai, A F{A2, a ... a F{Ak+i, A Q{C, 

Definition 2.3: We define Pi^fQ to be the simphcial functor with stabihzation over A 
defined on S, C e ^ in simphcial dimension [k] by: 

Iwcolim Map j (5^^) , \/ Wb,c{2L; A) 

The stabihzation maps for the homotopy cohmit are given hke those in example 2.1. 

The face operators are induced by natural transformations like those for U^{F;P). 
Rather then repeat all the notation, we will describe these operators in words. We first 
note that in each dimension k, for any Ao,Ak+2 G A, P^fF{Ao, Ak+2)[k] is a summand 
of U^{F] P)[yt_|_;^]. The restrictions of do, di, • • • , rffc and sq, Si, . . . to P®i?F(Ao, Ajt+2)[fc] 
send it to the summand P^fF{Ao, Ak^2)[k-i] inside U^{F; P)^^^, and make P^fF into 
a simplicial functor with stabilization over A. Now we note that we can replace F in the 
role of a left module over itself by an arbitrary left F-module Q in this construction, to 
obtain a simplicial object that we define to be P®fQ- 

Remarks 2.4- We now collect a few facts about ®f whose proofs are straightforward and 
left for the interested reader. If P and Q are F-bimodules, then P®fQ is naturally a 
simplicial F-bimodule. Since the construction is natural, we can iterate it to form 
P®fQ®fR-, a bi-simplicial F-bimodule. If / : P ^ P' is a map of right P-bimodules 
which is an equivalence, then f^F^dq is an equivalence also (by the realization lemma). 
Right multiplication induces a map of simplicial right P-modules P®fF P (where P 
is the trivial multi-simplicial object with structure maps all equal to the identity) which 
is an equivalence (a simplicial contraction is given by the unused degeneracy operator in 
U\F-P)). 

Definition 2.5: We define ®^ to be the functor from P-bimodules to n-fold simplicial 
P-bimodules given by: 

n times 

/ s 

P®F ■ --^fP ■ 

Lemma 2.6: There is a homotopy equivalence of n-fold simplicial functors with stabiliza- 
tion 

t/-(P; P(l), . . . , P(n)) U^-\F- P{1)®fP{2\ P(3), . . . , P(n)) 
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By iteration of this equivalence, there is for each m\n an equivalence a^n of n-fold simplicial 
functors with stabilization 

U^{F; P(l), . . . , P{n)) ^ U^/^{F; g(l), . . . , Qin/m)) 

where Q{i) = P{m{i - 1) + 1)<S>f ■ ■ ■ <S>FP{m{i - 1) + m). 



Proof. This is a formal consequence of the definitions, using the fact that homotopy colimits 
commute with one another and the fact that suspension 



hocolim Map LS^^, W V{X]A) 

— > hocolim Map I A 5^, W V(X; A) A 
induces a homotopy equivalence when evaluated at any space. 



3. First properties of U 



We now establish some elementary first properties of U"'. Since for a fixed FSP F 
over a category O, a morphism of F-bimodules is just a map of functors with stabilization 
at each (A, B) e O x O which strictly commutes with the left and right actions of F, it 
follows immediately from the definitions that ) is a functor from the n-fold product 

category of F-bimodules to spectra. The are also functorial in the FSP variable but 
the statement is slightly messy and left to the interested reader. 



Lemma 3.1: If f{i) : P{i) — > P'{i) is an m-connected map of bimodules, then the induced 
map of functors with stabilization 

U^if) : . . . , P{i), . . .) ^ . . . , P'{i), . . .) 

is (at least) m-connected. 



Proof: Since the associated spectrum of is an Q-spectra (the structure maps QE^ — > 
En+i are homotopy equivalences) it suffices to show U'^{f){S^) is m-connected. A map 
of simplicial spaces which is m-connected in each simplicial dimension is m-connected 
upon realization (essentially because homotopy colimits preserve connectivity) and hence 
it suffices to show that £/"■(/) (0)[fc] is m-connected for all A; > 0. If / : X ^ X' is a 
qf-connected map of (pointed) spaces, then idAf : Y AX — > Y AX' is p + q+ 1-connected 
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for any p-connected space Y. Assume for convenience that i = 1. Consider the homotopy 
equivalent rewriting 



By our previous observations and the fact that our functors with stabihzation take n- 
connected spaces to n-connected spaces, we see that the map induced by f{i) on 



will be m-connected. The result follows from the fact that homotopy colimits preserve 
connectivity. 

Corollary 3.2: The functor t/" is a reduced homotopy functor in each variable i sepa- 
rately. 

Constructing Q-FSP's: It will often be useful to replace a given functor with stabilization 
F by an equivalent one (that is: an FSP whose associated spectrum is stably equivalent 
to that of the original FSP) whose associated spectrum is an f2-spectrum. Define Q°°F to 
be the new functor with stabilization defined by 




hocolim hocolim Map 

X'eJ'^i x/'^a+i x---x.ffe" + i Xi^oel 





n°°F 



hocolim 




with Xz,Y defined by the natural 



composite 



ZAn°°F 



A hocolim Map (S^, F(Y A S^)) 
xei 



jcohm Z A Map {S^,F{Y AS^)) 



hocohm Map {S^ , Z A F{Y A S^)) 




X 



n°°F{Z AY). 
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The natural map F ^°°F of functors with stabihzation gives a stable equivalence of 
the associated spectra by condition 1.1 (iii). If F was an FSP, then we can make Q°°F an 
FSP by defining /j, to be the composite 

Q°°F{Z) AQ°°F(Y) 

= hocolim Map (S^, F(Z AS^))A hocolim Map (S^',F(Y A S^')) 

hocolim Map {S^""^' ,F{Z AS^) AF{Y AS^')) 

hocolim Map iS^''^\FiZ AS^ AY AS^')) 

^hocolim Map(5^^^',F(ZAyA>S^^^')) 

x,x'eixi ^ ^ 

hocolim Map {S^ , F{Z AY A S^)) 
x&i 

= n°°F{Z AY) 

where a is obtained by smashing maps, /3 by switching factors and 7 is induced by the 
concatenation functor U : / x / — > /. Checking that is strictly associative is straightfor- 
ward and left to the reader. The natural map from F to ft°°F is an equivalence of (unital) 
FSP's (which determines the units in Q°°F). 

If P is a right/left/bi- module of F, then Q°^P is again a right/left/bi-module of 
Q,°°F (defined as we did for FSP's above) and the natural map P — > Q,°°P is a map of 
right /left /bi-modules. 



Corollary 3.3: The natural map of functors with stabilization 

t/^(F; P(l), . . . , P(n)) ^ t/"(f]°°F; fJ°°P(l), . . . , n°°P(n)) 

is an equivalence. Thus, we can always replace the FSP and its associated bimodules with 
equivalent ones whose associated spectra are Q-spectra. 



Lemma 3.4: If each bimodule P{i) is m^-connected, then U'^{F; P{1), . . . , P{n)) is (at 
least) S^^^^mj + (n — 1) connected. 



Proof: It suffices to prove the result after taking of F and the P(z)'s. Thus, we may 
assume that P{i){S^) is rrii + |X|-connected for all i and X E I. Recall that if Xi is 
x^-connected for 1 < z < n, then Xi A ■ ■ ■ A X^ is T^f^iXi + (n — 1) connected. Thus, 
V{2^,A) will be \X\ + Ti^^^rrii + (n — 1) connected for all X. Since homotopy colimits 
preserve connectivity, we see that t/"(F;P(l), . . .,P(n)) is (at least) 'Ef^-^^rrii + (n — 1) 
connected. 
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For a continuous map of (pointed) spaces / : X — > y, we set: 

( 

hofib (/) = puUback I 

\PY ^ Y 

where PY is the pointed path space of Y (Ma7?*([0, 1], y)) and evi is evaluation of the 
path at 1. Using the natural homeomorphism flPY = PQY, we see that there is a natural 
homeomorphism fihofib (/) = hofib (O/). Given a map / : E ^ E' of spectra, we let 
hofib (/) be the spectrum defined by hofib = hofib {f{n)) with structure maps 

given by the composite 

rihofib (/)(n) ^ hofib (flfin)) — > hofib (/(n+ 1)). 

We call a sequence of maps (of spectra) E" — > E — > E' a fibration if /' o f" = * and the 
map induced by /" from E" to hofib (/') is an equivalence. 

Definition 3.5: We call a sequence of maps of functors with stabilization 

a fibration if the associated map of underlying spectra is a fibration. We will call a se- 
quence of maps of bimodules short exact if it is a fibration as a sequence of functors with 
stabilization. 



Example: A sequence of abelian groups A — > B C is short exact if and only if the 
associated sequence of functors with stabilization (given by ^ i— > ^ ®-z. Z[ ] etc.) is short 

exact. If one considers a sequence of simplicial abelian groups ^.^B.^ a, then the 
associated sequence of functors with stabilization is short exact if and only if the sequence 
of simplicial abelian groups is quasi-exact (the associated chain complexes and maps form 
a triple in the associated triangulated category). 



Lemma 3.6: If 

P{i)" P{i) X P{iy 

is a short exact sequence of bimodules, then the induced sequence of functors with stabi- 
lization 

U^{F- . . . , P(i)", . . .) ^ t/-(F; . . . , P(i), . . .) ^ C/"(F; . . . , P(^)^ . . .) 
is a fibration. 
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Proof: First note that it suffices to show that it suffices to know that the map to the hofib 
computed degreewise (fixing the simphcial directions) is an equivalence. For 

X' e X • • • X /'^^ X • • ■ X j'^^+i 

define 

^"(X') = hocohm Map 1(5^^^'), \J AV{X U X'; A) 

where we are using the bimodule P"{i)- Similarly define G{X') (respectively G'{X')) using 
the bimodule P{i) (respectively P'{i)). Since O commutes with taking hofib and homotopy 
colimits commute with finite homotopy pull-backs (in spectra) , it suffices to show that the 
map 

G"{X') hofib[G'(X') G'{X')] 

is a homotopy equivalence and this follows by an argument similar to that used in lemma 
3.1. 

Let (/; g) : (F; P) — > (F'; P') be a morphism of pairs of an FSP and a bimodule over it 
(1.5). Thus, for all n > 1 we similarly obtain a morphism of pairs (techincally of simplicial 
F-bimodules): 

(/;®^^):(F;®^P)^(F';®^P') 

(see 2.5). 

Lemma 3.7: Let {f;g) be a morphism of pairs such that the morphism U^{f',®^g) is a 
weak equivalence, then the map U'^{f;g) is also. In particular, if P = F then whenever 
U^{f,g) an equivalence, U'^{f'ig) must be an equivalence too for all n > 1 (this last 
statement also follows using edge- wise subdivision, see [BHM]). 

Proof. The first statement follows from Lemma 2.6. The second part follows from the first 
and the fact that ®'pF F as F-bimodules (see Remarks 2.4). 

4. The construction of 

In this section, we will only be considering [/"^(F; F(l), • • • , P{n)) as a simplicial func- 
tor with stabilization by taking the diagonal of the n-dimensional simplicial functor with 
stabilization defined in 2.3. We first note that there is an isomorphism 

t : t/^(F; P(l), . . . , Pin)) ^ C/"(F; P(n), P(l), . . . , P(n - 1)) 
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induced in each simplicial dimension [k] by precomposing each map with r ^, where r : 
j{k,...,k) _^ j{k,...,k) ^Yie functor 

/ ^n,Oi • • • ! Xn.k \ 
^1,0) • • • 

^ Xn-l,Oi ■ ■ • 1 Xn-l,k ' 

and post-composing with the analogous permutation 



V P(n - l)(An-i,i, A-i,o)(-5^"-^'°) A ... A F(A,,o, A„_i,fcJ(5^-i.'=) / 



It is sometimes convenient to work with a shghtly modified version of we write as 
JJ'^ . The only difference between [/" and C/"^ is that for [/" one takes the homotopy colimit 
over the diagonal of (/'=+i)x'^ in simplicial dimension [k]. The face and degeneracy maps 
are easily seen to restrict to this sub-limit system as well as the simplicial isomorphism 
t. The natural map of simplicial functors with stabilization from to is determined 
by the inclusion of subcategory is always an equivalence (by finality and the realization 
lemma) . 



Definition 4.1: For F an FSP and P a bimodule, we define U^{F; P) to be the simplicial 
functor with stabilization with Cn-action (given by t) JJ"^{F; P, . . . , P). Thus, C/" is a 
functor from the category of pairs {F]P) (an FSP F and F-bimodule P) with morphisms 
of pairs (1.5) to simplicial functors with stabilization with C„-action. 



Remark: U^{F;P) is just THH{F; P): the topological Hochschild homology of F with 
coefficients in P as defined in [DMc2] which was a straightforward generalization of the 
definition found in [PW] to FSP's with several objects. The spectrum U'^{F; F, . . . ,F) is 
isomorphic (as simplicial functors with stabilization with C„-action) to the n-th edgewise 
subdivision of THH{F; F). 



Lemma 4.2: For every m\n, the n-fold simplicial isomorphism 

am : U''{F;P,...,P) C/'^/'"(F; P®"^, . . . , P®'") 

of 2.6 is C„/^-equivariant if we take diagonals. The composite of U'^{F; P,...,P) 
U'^{F; P) with the diagonal of am factors to produce a C„/^-equivariant map: 
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U"^(F;P) Jjn/m ^ p. p®^ -J 

which is an equivalence and natural with respect to morphism pairs. 
Proof. This is formally true from the definitions and left to the reader. 



Given a simplicial Cn-set X*, the Cn fixed point space of the realization of X* is 
homeomorphic to the realization of the simplicial set X^" obtained by taking fixed points 
degreewise. It follows that the same is true for a simplicial Cn-CW complex (or anything 
Cfj-equivariantly honiotopy equivalent to one in each degree) and hence one can compute 
U"^{F; P) (X)"-^'" degreewise for every m\n. Similarly, since our model for homotopy colimits 
is given by simplicial spaces, we see that if is a functor from the small category C 
to C„-equivariant CW-complexes (or spaces CTj,-equivariantly equivalent to them) then 
(hocohmcec -E'(C))'-^" = hocohmcgc £^((7)*^". Thus, U^{F; P)^"' for m|n is naturally 
homeomorphic to the realization of 

[k] ^ t/"(F; P)^- ^ hocolim Map ( (>S^^)^", \/ F(X^"; A) 

We note further, that with the specified Cn-action, we have natural Cn/Cm = equiv- 
ariant homeomorphisms 



(4.2) ^(^UX^An^C^ ^ (^ux^aC^) 



^Ae(yl,'=+l)X" 



y V(X^(^);A) 



We recall that if G is a group with normal subgroup , X and Y G-spaces, then there 
is a continuous map from Hom{X,Y)'^ to Hom{X^ ,Y^)^/^ given by the restriction to 
fixed point subspaces. In fact, it is the composite: 

(4.3) Hom{X, Yf Hom{X" , Yf = Hom{X^, Y^f/" 

By the sequence X^ — )• X — > X/X^, which is a cofibration since H acts simplicially. We 
see that the fiber the map of res^ (and hence of the composite) is just Hom{X/X^ ^Y)*^ . 



19 



Definition 4.3: For r, s and t integers greater than 0, we let 

Res'' : W'^F; Pf^^ U'\F; Pf^ 

be the map of simphcial functors with stabihzation with C^-action defined degreewise by 
applying res^'^ and making the appropriate identifications by (4.2). Thus, 

Res^ = id 

and 

Res'" Res' = Res'-' = Res'Res"". 
Lemma 4.4. For r, s and t integers greater than the following diagram commutes 



at 



at 



Proof. As in the previous discussion, we check the claim simplicially. 



Urst^p.p^c^s ^hocolim Map (5U2£)Ar«t^ Y V{2C'''-A) 



Wc consider the model of P®* arising from the diagonal of the (t— l)-simplicial construction 
(((P(8)i?-P)®F-P)®F • • ■)0fP- Also, we consider the simplicial model of P®*) which 

is the diagonal on the simplicial structure of U and all the simplicial structures of the P®* 
simultaneously. Then at is induced by grouping together the first — + 1) + 1 
coordinates in each t{k + l)-tuple of coordinates, and sending them to the corresponding 
coordinate in P®*. 

Therefore, if instead of looking at C^s-equivariant maps on the full (^S^—)^'^^ we look 
at their restrictions to the Cf-fixedpoints in the domain, which must land in that part 
of the range whose coordinates repeat themselves in r blocks of ts{k + 1), the effect of 
grouping together before or after the r-fold repetition is the same. 



Definition 4.5. For r and s positive integers greater than 0, we let 

r : V'iF-Pf^^ — > U'''{F,Pf^ 
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be the obviouis inclusion of the fixed set of a group in the fixed set of its subgroup. 
Lemma 4.6. For r, s and t integers greater than the following diagram commutes 



r 



r 



Proof. This is immediate from the definition of Res'^: by equation (4.3), the restriction 
sends 



Definition 4.7. For s a positive integer greater than we define 

By lemmas 4.4 and 4.6 we see that whenever they are both defined, 
(4.4) Res^'P' = P'Res\ 



Let be the natural numbers {1,2, . . .} as a partially ordered set with n < m <^ 
m\n. For P an FSP and P an P bimodule, we have a functor from to functors with 
stabilization sending every natural number n to U'^{F; P)"^" and every morphism n < m 
to Resm. 



Definition 4.8: Let F be an FSP and P an P bimodule. For M a subcategory of N^, 
we set 

Wm{F;P) = holim U''{F;Pf". 

We will use simplified notation for various distinguished subcategories of as fol- 
lows. First, we set 

WiF;P) = W^.iF;P). 
We let {< n} be the full subcategory of generated by {1,2, ... ,n} and write 

Wr,{F■,P) = W^<r^}{F■,P). 
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We let (p) be the full subcategory of generated by the powers of p, (p) = {l,p,p^, . . .} 
and write 

W^P\F-P) = W^p^{F;P) 

(we use this notation so we can have room for a subscript). Let (< p") be the full 
subcategory of (p) generated by {l,p, . . . ,p'^} and write 



Definition 4.9: For n a natural number, we let 

WniF; P) ^ Wn-iiF; P) Wi^>\F- P) ^ wi^\{F- P) 
be the natural maps obtained by restriction to subcategories. Thus, 

W{F- P) = holim Wn{F- P) W^^'^ (F; P) = holim W^^) (F; P) 

oo<— n oo<— n 

with structure maps given by the RnS. 

Lemma 4.10: For s a positive integer, induces a natural map 

: W{F, P) — > W{F, P®'). 

For p a prime, we also have 

P^ : W"^^) (F, P) Wl^}^ (F, P®P) 

which commutes with R^'p\ 

Proof. Since commutes with Res'^ whenever both are defined, P* induces a map between 
the inverse system C/(F; P) on the subcategory s ■ of multiples of s and the inverse 
system U{F;P®^) on N^. Therefore we get a map 

W,.M{F;P)^WM{F;P^n 

for any subcategory M. of N^. But the subcategory s • is coinitial in N^, so the 
obvious inclusion of categories induces a natural isomorphism 

W,.^.{F-P)^W{F-P) 

through which we can define the first map claimed in the lemma. 
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Since there are initial objects, we know that W^^'{F;M) = JJp'' {F; M)'^p" and 
W"^!.\(F;M) = [/P""'(F;M)^p"-i for M = P and M = P®^, and that R^^^ in both 
systems is simply Res^; it commutes with P^ by equation (4.4). 



5. The fiber of P„ 



Our goal in this section is to identify the fiber of the maps Rn and i?n up to natural 
equivalence with UJ^Cr, ^hc n • This was essentially done by T. Goodwillie in the 
appendix to his MSRI notes [G] . Since these MSRI notes are not published, in this section 
we reproduce what is needed from them (5.3, 5.4 and 5.5 below) to establish the result. We 
have modify some of the constructions found in [G] to make the proofs more transparent. 



Let G be a group. Recall that for X a (pointed) space with G-action, we define the 
homotopy orbit space of X to be X^q — X Aq EG^ — {X A EG^)o- We recall that 
if / : X — > y is an n-connected G-equivariant map then f^Q is also n-connected. We 
note that if P is a functor with stabilization with G-action, then X i— > F{X)hG is again 
naturally a functor with stabilization. 

We define the homotopy fixed-point space of X to be X'^'^ = MapG{EG+, X) = 
Map^{EGjf.^ X)^ . If / : X ^ F is a G-equivariant map which is also an equivalence, then 
f^'^ is also an equivalence but ( )^'^ does not preserve connectivity in general. Thus, if P 
is a functor with stabilization then X ^ F[X)^^ satisfies l.l(i) but not necessarily (ii), 
(iii), or (iv) and hence is not again a functor with stabilization. 



Definition 5.1: A functor with structure will be a functor P from 5* to 5* together with 
a natural transformation 

\x,Y ■■ X A F{Y) — > F{X A Y) 

which satisfies 1.1 (i) but not necessarily l.l(ii), 1.1 (iii), or l.l(iv). A functor with structure 
over O for a set (9 is a functor from x O x O to such that for all A^B e O, 
Fa,b{ ) = F{A, P)( ) is a functor with structure. 



Definition 5.2: Let G be a group and P a functor with stabilization with G-action. We 
define the homotopy orbits of F to be the functor with stabilization 

FhG-X^ hocolim n'^[F(E"'X)]hG 

m 

and the homotopy fixed-points of P to be the functor with structure 

F^^ :X^ hocolim Jl^^fhocolim fJ^P(E™+^X)]'^^). 
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Important Remark: If is a simplicial functor with stabilization with G-action, then the 
commuting diagram 

\{F*)hG\ = hocohmA°p[(F*)hG] 

\{F^)\hG = (hocohmAop[-F*])/iG 

shows that homotopy orbits commute with rcaUzations. However, since [q] i— > (Fg)^'^ is 
only a simplicial functor with structure, we do not get that the natural map 

is an equivalence. Hence, homotopy fixed points do not in general commute with re- 
alizations. However, if each (Fg)^'^ is again a functor with stabilization (in particular, 
connective) then this map does induce an equivalence on the associated spectra. 



The Tate Map 

For G a finite group, the Tate map is a chain of natural maps of functors with structure 
from FfiG to F^*^ which we now wish to define. But first, we establish a sequence of natural 
equivalences 

{G+ A F)hG - ^°°F ~ {G+ A F)^^ 



For X a G-space, we let 7 be the G-equivariant map 



G+Ax^yx ^ - 



that is: 



^{gAx){u) 



X if g = u 
* otherwise 



Thus, if X is fc-connected, then 7 is {2k — l)-connected by Blakers-Massey and we obtain 
the diagram: 



(1) 



{G+AX)g 



{G+AX)hG 

IhG 

Map{G+,X)hG 



X 



Map{G+,X) 



G 



Map{G+,X) 



hG 



{G+AX) 



hG 



Since 7 is (2A;— l)-connected, so is jhG] but we do not know anything about the connectivity 
of 7'*'^. However, if F is functor with stabilization with G-action then for all X we know 
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that the composite map 



[hocohm fi"(G'+ A 



-iG 

(2) [hocohm l]"Map(G+,F(E"X)] 
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[hocohm Map{G+, f]"F(S"X)]'*^ 
is an equivalence. We also note that since G is finite, the natural G-equivariant map 
(3) hocolim Map{G+, n"F(S"X)) ^ Map{G+, hocolim n'^F{J:''X)) 



is an equivalence. Thus, we can assemble all these remarks to obtain the following sequence 
of natural equivalences of spaces (a symbol in "( )" indicates the previous statement which 
implies the map is an equivalence) 



{G+ A F)hG{X) 

n°^F{x) 



hocolim n'^[{G+ A F(E"X),,g] 
- (1) 

hocolim 

- (1) 



(A) 



ihG 



[Map (G'+,hocolimO"F(S'^X; 

- (3) 

[hocolim n'^Map{G+, F(E'^X))]'*^ 

- (2) 

{G+ A F)^^{X) = [hocolim n'^{G+ A F(E"X))]'^^ 



The map on the last line is an equivalence since the previous lines show we already have 
an omega-spectrum. The maps in (A) assemble (as X varies) into a natural sequence of 
equivalences of functors with stabilization with G-action. 

Using the G-equivariant equivalence EGj^ AX X , we obtain natural equivalences 
on G-homotopy orbits and homotopy fixed points. We can obtain EG+ as the realization 
of a simplicial G-set [q] t-^ A*^^^ ^+ (the simplicial path space of the bar construction 
for G, with G acting on the O'th coordinate). Thus, 



9+1 

EG+AF /\G+AF 
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Definition 5.3: (T. Goodwillie) The Tate "map" is the following natural diagram: 



FhG 

{EG+ A F)hG 



\[q]^{A'+'G+AF)f,G\ 
c (A) 



\EG+AF\''^ 

T?hG 



(In the middle step, A"^"^^ G+ A F should be viewed as G+ A /\'' G+ A F.) 



There is one case where the Tate map is easily seen to be an equivalence: when £^ is a 
functor with stabilization with G-action and F = 6*+ A E. This follows from the remarks 
following 5.2 or the commuting diagram (using the projection maps tt) 



|[g]^[A^+^G'+A(G+AE)],G| 



M^[A'^'G+A{G+AE)] 



(A) 



hG\ 



{G+AE)hG 

^ {A) 



M^W^'G^A{G^AE)]\ 



hG 



{G+ A E) 



hG 



Another case which follows from this one is that of functors with stabilization of the form 
Map (G+j-E), where we have the stable equivalences of homotopy orbits from (1) and of 
homotopy fixedpoints from (2). 



Proposition 5.4: (T. Goodwillie) The Tate map for F is an equivalence if F is either 
U A E or Map {U,E), where i? is a functor with stabilization with G-action and U is 
a pointed finite free G-space (i.e., a simplicial G-set with finitely many nondegenerate 
non-basepoint simplicies permuted freely by G). 
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The proof is by induction over skeleta; the cells attached at stage n are dealt with by 
applying the above discussion to the case {E A V '5") A G+ and Map (V S"" AG+,E), 
using the fact that after we apply 0,°°, cofibrations become fibrations. 

Theorem 5.5: (T. Goodwillie) Let U he a free finite based G-complex of dimension n and 
W a {n — l)-connected based G-complex. Then the spectrum associated to the functor 
with stabilization Map(f/, W)^ is naturally equivalent to that associated to Map(f/, W)hG- 

Proof. Consider the diagram 

Map([/, Wf ^ Map(?7,hocoliml7^(5^ A W)f 

Map{U, hocolimf]'=(5'= A W))^^ 
^ (hocolimr?^(Map(?7, (S^ A W))^^) 
J- hocolimn^(Map(?7, {S'' A W))hG) 



The first map, a, is induced by the inclusion W — > hocolimf2'^(S''° A W). Since W is 
(n — l)-connected this map is (2n — l)-connected. Since U is a free G-space of dimension 
n, the map itself is (n — l)-connected. 

The second map, /3, is the canonical map from fixed points to homotopy fixed points. 
It is an equivalence because this is always so for function spaces Map{U, ?) where U and 
? are G-spaces and U is free. 

The third map, 7, is an equivalence because U is a finite complex; this has nothing to 
do with the G-action. 

The fourth map, S, is the Tate map, and is an equivalence by 5.4. 

Notation: Let C be a full subcategory, and let M G A4. Let pi, , . . . ,pt be the 
distinct prime divisors of M. For U C {1, . . . ,t}, we let < U >— YlueuP^ i'^ ^ -'-)• 
Assume G M for all U C {1, . . . and let M denote the full subcategory of M. 

with objects {^^\U C {1, . . . , t}}. We define M - M to be the fuU subcategory of M 
generated by all the objects except M. 

Assumption: Ai is a, subcategory of and M G tVI is such that Ai is covered by the 
object of, and compositions of the morphisms of, M and Ai — M (that is, there does not 
exist an M' G - M such that M\M'). 

— * — * 

Remark Since M — M is the intersection of M and — M, for any functor F from A4 



27 



to functors with stabilization the following natural diagram is homotopy cartesian: 



holim_/v( F — > holim_A4_M F 

holim^F — > holim^_^F 

Since M is initial in M, the natural map F{M) — > holim^ F is an equivalence and the 
homotopy fiber of the composite F{M) — > holim^_^^F is naturally equivalent to the 

total fiber of the t-dimensional cube determined by F on M (see [G2], 1.1b). 

If we consider the functor U{F; P) defined after Definition 4.3, we see that the homo- 
topy fiber of the restriction map from Wm{F'i P) to Wm-m{F'i P) is naturally equivalent 
to the total fiber of the t-dimensional cube determined by U{F] P) on M. Since U{F-^ P) 
takes values in simplicial functors with stabilization, this total fiber is naturally equivalent 
to the realization of the total fibers computed in each simplicial dimension separately. 



Proposition 5.6: If M G is such that M. is covered by the objects in, and compositions 
of the morphisms in, M and M. — M then there is a natural (in F and P) chain of 
equivalences of functors with stabilization 

t/^(F; P)hCM - hofib [Wm{F-, P) Wm-m{F; P)]. 



Proof. ForXe/^+\set 

Z = {S^)^^ 
Y = V{X, O)^^ 
(recall Definition 2.2), and x = S|^Q|Xi|. 

By the above remark, 

hofib [Wm{F; P) Wm-m{F; P)] ~ hofib [W^{F- P) Wa_^{F- P)]. 

This is the total fiber of the t-dimensional cube 

X{U) = C/^/<^> (F; pfM/<u> = Map(Z^<^> , Yf^ 

with maps by the restriction to fixed subsets. By applying the functor Map( , F)*-^^, we 
see that this is the same as Map(W, Y)'~'^ where 14 is the total cofiber of the t-dimensional 
cube with y{U) = Z^'^^> and structure maps given by inclusion. Thus, U. = Z/Z' where 
Z' is the push-out of the diagram 

Z{U) = {S^)^^^/<u» t/ C {1, . . . , n}; t/ ^ 
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with the maps given by inclusions. 



Now W is a finite free based Ca/ -space of dimension Mx. Since Y is {Mx — 1)- 
connected, Map(W, F)*^*^ is naturally equivalent to Map(W, y)/iCM by Theorem 5.5. The 
quotient map Z produces a natural map 

U^{U,Y)ncM ^^MZ,Y)hCM- 

Since dim(Z') = max{^|l <i<n} = Mx/p (for p the smallest prime divisor of M) and 
/\Y is (£ + Mx — l)-connected, the map 

Map(W, {S^ A Y)) Map(Z, {S^ A Y)) 

is {1 + Mx{l — 1/p) — l)-connected and hence e is (Mx(l — 1/p) — l)-connected. Since the 
quotient map from Z to is functorial in l'''^^, we can take the homotopy colimit with 
respect to l'^'^^ and hence obtain an equivalence 

hocolimMap(W, {S^ AY)) ^ hocolimMap(Z, {S^ AY)). 

jk+i jk+i 

Thus, we have obtained a natural sequence of equivalences 

{U^{F; P)[k])f^j^ ^ ho&h[WM{F; P)[k] ^ Wm-m{F; P)ik]]. 

It remains to check that these maps respect the simplicial operators. This straightforward 
but messy detail is left for the interested reader. 



Corollary 5.7: For any FSP F and bimodule P there is a natural chain of equivalences 
of functors 

U''{F;P)hc„ ^ho&o[Wr,{F;P) ^Wn-iiF;P)] 
UP"{F;P)hC,^c^ho&h[WiP\F;P) ^ wi'2,{F;P)] 



Corollary 5.8 : Let P be a (A; — l)-connected F-bimodule. The natural map 

W{F; P)-^W-„(F; P) 
is ((n + l)k — 2)-connected and the natural map 

W^p\F;P) ^ Wjf\F;P) 

is {p'^'^^k — 2) -connected. 
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Proof. By lemma 3.4, U'^{F; P) is kn+ {n — 1) connected for all n > 1. Since homotopy 
orbits preserve connectivity the result follows from corollary 5.7. 

6. More Properties of and W 

In this section we will develop several useful properties of and W which will be 
needed to define the map from algebraic K-theory to VF, and which can also be useful 
in calculations. These results are all analogous to results from [DMc2], where they were 
proved for the THH (i.e. U"^ for n = 1) case, with or without coefficients in a bimodule. 
We will restict our attention to FSP's over small categories (note that in the [DMc2] 
nomenclature, what we here call an FSP is a unital ring functor; they reserve the name 
FSP for the case where the category in question consists of a single point, as in Bokstedt's 
original definition). Later in the section we will restrict ourselves further to small linear 
categories (where the homomorphism set between any two objects is an abelian group 
and composition is bilinear), and to a particular FSP on them (see the first example after 
Definition 1.3 above). 

The proofs from [DMc2] can be adapted as explained below to give homotopy equiva- 
lences between t/"(F; Pi, . . . , P„) for different FSP's F over categories C and F-bimodules 
Pi, . . . ,Pn (the proofs that the maps are indeed homotopy equivalences work when the 
bimodules are distinct; we mention only the case Pi = • • • = P„, which is what we will 
mostly use, in order to simplify notation). In all the cases, there are maps inducing these 
homotopy eqiiivalences which are naturally C„-equi variant when Pi = • • • — P^. This 
turns out to be enough to show that they are Cn-equivalences: Using the fundamental 
sequence of Proposition 5.6 (for A4 equal to all of n's divisors), by induction on n (since 
a C„-equivariant map which is a homotopy equivalence induces a homotopy equivalence 
on the Cn homotopy quotient) we can sec that they induce an equivalence on the C„- 
fixedpoints of U^. Using groupings U"'{F;P) ~ U"^{F; P^^^) as in Lemma 2.6 we can 
get an equivalence of the C^-fixedpoints for any m\n in a similar way. Once we know 
that the maps in each of these claims are Cn equivalences, it follows (except in Lemma 6.4 
where the map is from a direct limits of t/"'s) that they induce equivalences on W and all 
its variants as well. 

If F is an FSP over a small category C and P an P-bimodule, then for any small 
category V and functor (p : V C wc can get an FSP (p*F over V by letting (p*Fd^d'{X) = 
F(j){d),(i}{d'){^) ^or all d,d' E V, X E S^. We can similarly define the 0* P-bimodule (f)*P. 

Lemma 6.1: Let (pi,(p2 : T) C he two naturally isomorphic functors between small cate- 
gories, and let P be an FSP over C and P an P-bimodule. Then the natural isomorphism 
induces a Cn-homeomorphism 

U^{cf>UFy,cf>UP)) ^ U^{cPl{F)-cPl{P)) 
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for all n and therefore a homeomorphism on W. 

Proof: Analogous to that of Lemma 1.6.2 of [DMc2]: the natural isomorphism i] induces 
an equivalence F{r]{a)-^ ,r]{h)){idx) : F((/)i(a), ^ F(02(a), 02(&))(X) for all 

X, and similarly for P. These are compatible with the multiplicative structure. 

Proposition 6.2: Let 4> : V ^ C he an equivalence of categories, and let F be an FSP 
over C and P an F-bimodule. Then induces a C„-equivalence 

C/"((/.*(F);0*(P)) ^ P) 

and therefore an equivalence on W . 

Proof. Using the natural transformation ip : C ^ T> such that both compositions are 
naturally isomorphic to the identity and Lemma 6.1, as in the proof of Lemma 1.6.6 in 
[DMc2]. 

Example 6.3: Let C and V be small linear categories, with an equivalence of categories : 
"D — > C Then we can look at the FSPs C and as defined after Definition 1.3. There is a 
natural isomorphism between the FSPs 4>*C and V on V: Whenever the identity is naturally 
isomorphic to a functor F : S ^ £ then F* : Homg (ei, 62) ^ Hom£(F(ei), -^(62)) is one- 
to-one and onto for all ei, 62 G £ (because if H : ids — > is a natural isomorphism, for 

every a : ei —>■ 62, F{a) = H{e2)aH{ei)~^). So we can use this on Hom7:)((ii, (^2) — > 

}iomc{4>{di), (f){d2)) and Homc(ci,C2) — >■ }iomx>{il'{ci),'4^{c2)) first to establish that (f)* is 
one-to-one on morphism sets and ip* onto, and then in the opposite order to establish that 
ip* is one-to-one on morphism sets and 0* onto. 

Now say we have two functors F, G : C ^ B and a C-bimodule of the form P{a, b){X) = 
B{F{a),G{h)) (S)z (see the second example after Definition 1.5 above). Then (f)*P is 

a bimodule on the same form on V, corresponding to the functors F o and Go(f), and we 
get a C„-equivalence 

U'^{V;(f)*P) C/'^(C; P). 



We now want to show that our construction of commutes with direct limits. Call 
the category we are working on C, and assume that there is a directed set of subcategories 
Cj of C, j G J, such that for any object c E C there is j G J with c E Cj. If J satisfies this 
condition, we say that it is a saturated directed set in C. Note that this condition is really 
a condition on the underlying sets of the small categories involved. 
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Lemma 6.4: If J is a saturated directed set in C, and F is an FSP on C with P an 
F-bimodule, then we have a C„-equivalence 



limU-{F\cr,P\c,) 



U''{F]P). 



Proof: As in the proof of Lemma 1.6.9 in [DMc2], this follows from the fact that any 
map from a sphere S^— (which is compact) to V{X_,C) (see Definition 2.3 above) has 
a compact image, and therefore can intersect only finitely many summands which each 
involve only finitely many elements of C, by commuting colimits and homotopy colimits. 
The Cn equivalence of U'^ is proved as usual, but note that this lemma does not imply a 
similar result for W because of the problem of commuting direct and inverse limits. 

Lemma 6.5: If we have FSPs F and F' over C and bimodules P and P' over F and F', 
respectively, and a map (/,(/) : {F;P) — ^ {F';P') (see Definition 1.5) so that / and g 
induce a stable equivalence on the associated spectra F F', P P' (see Definition 
1.2), then we have a C„-equi valence 



and therefore an equivalence on W. 

Proof: Since the associated spectra are all equivalent, we get an equivalence of the k- 
simplices in U"^ for all n. 

Given an FSP Fi over a small category Ci with an Fi-bimodule Pi, and an FSP F2 
over a small category C2 with an F2-bimodule P2, one can define functors with stabilization 
over C\ X C2 



Similar definitions can be made for bimodules. Note that Fi x F2 is an FSP; Fi V F2 
has no unit, so is not an FSP. However the inclusion of the latter in the former induces a 
stable equivalence of the associated spectra, so if one used the definition of t/" on Fi V F2 
with coefficients in Pi V P2, as in Lemma 6.5 above one would get the same thing as 
t/"(Pi X F2; Pi X P2). One can also define an FSP over Ci nC2 



C/^(P;P) 



C/^(P';P') 



(Fi X F2){{ai,a2),{h,b2)){X) = Fi(ai,6i)(X) x F2(a2,62)(^) 
(Fi V F2)((ai, 02), ih, b2))iX) = F^{a^, h){X) V F2(a2, b2){X). 



( Fi{a,b){X) ifa,beCi 
{F^UF2)ia,b)iX){ F2{a,b){X) if a, 6 e C2 




if a, 6 lie in different Ci 



32 



and similarly define an Fi 11 F2-bimodule P1JIP2. 



Lemma 6.6: For FSPs Fi and F2 over small categories Ci and C2, respectively, with 
bimodules Pi and P2 we have a C„-equivalence 

n F2; Pi n P2) ^ t/'^lPi; Pi) x u^iF^-, P2) 

inducing an equivalence on W. 



Proof: Following the proof of Lemma 1.6.13 in [DMc2], if we pick X and look at V{X_^ Ci 11 
C2) calculated with respect to the FSP Fi 11 F2 and the bimodule Pi 11 P2, we can see that 
only summands which correspond to sequences of elements which are all in Ci or all in C2 
are non-trivial. Thus for every X we have 

V{X,CiUC2) = V^F,;P,){X,Ci) V T/(,^,;P,)(X,C2), 

and so the limit of Map{S^—,V{2LiCi 11 C2)) will be weakly equivalent to the limit of 



Lemma 6.7: For FSPs Fi and F2 over small categories Ci and C2, respectively, with 
bimodules Pi and P2. Then the projections to both coordinates define a C^-equivalence 

C/"(Fi X F2; Pi X P2) ^ C/"(Fi; Pi) X t/"(F2; P2) 

inducing an equivalence on W. 



Proof: Call the map induced by the projections (which is a C^-equivariant map) /; we 
need to show that it is an equivalence. Like in the proof of Lemma 1.6.15 in [DMc2], one 
can construct a commutative diagram 



t/"(Fi VF2;Pi VP2) 

incl* 



C/"(FinF2;PinP2) 

Lemma 6.6 



C/^(Fi X F2; Pi X P2) M U''{Fi;Pi) X U^{F2; P2) 
with the vertical maps weak equivalences. The map g is obtained by restricting the maps 

(X,Cl X C2) ^ V^F,;P,){X,Cl) X V^Fr,P2){X,e2), 

used to define / (induced by the product of the projections) to V(FivF2;PiVP2)(=^'^i ^ ^2), 
and observing that they give maps 

V(FiWF2;PiyP2)iX,Cl XC2) V(Fi;Pi)iK,Cl)\/V{F2;P2)i2L,C2) = V(^FiUF2;PiUP2)iK,Cl^C2). 
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In the opposite direction, one can define a map W{FiUF2; P1UP2) VF2; P1VP2) 

by first mapping Ci 11 C2 ^ Ci x C2 using some fixed a G C2 as a 'filler' second coordinate 
for Ci and some fixed 6 G Ci as a 'filler' first coordinate for C2, and then mapping Fi or 
Pi into Fi V F2 or Pi V P2, respectively. Now g o i = id, and the proof in 1.6.15 [DMc2] 
works to show that i o g ^ id {li one ignores the cyclic action, it does not matter whether 
the coordinates are the FSP or the bimodule). Since the vertical maps are known to be 
equivalences, the fact that g is an equivalence implies that / is one, too. 

Definition 6.8: Given a functor with stabilization A over C, we can define its £ x £ 
matrices as a functor with stabilization over in two ways: 

M,(^)((ci, . . . , q), (c;, . . . , 4))(x) = n V ^(^- <) W' 

I I 

M,(A)v((ci,...,Q),(c;,...,4))(X)= V \/^(Cr,C;)(X). 

r=l s=l 

Now if F is an FSP, Mi{F) is an FSP too, using matrix multiplication (see 1.2.6 in 
[DMc2]; since the FSP multiplication sends F{b,c){X) A F{a,b){Y) F{a,c){X A Y), 
one should think of A{cr,c'g){X) as the (s,r)'th entry in the matrix); Mi{F)\/ using the 
same multiplication does not have a unit but of course the associated spectra are stably 
equivalent. If F is an FSP and P is an F-bimodule, Mi[P) is a M£(F)-bimodule. 

One can also define upper-triangular matrices (see above comment about indexing) 

i r 

T,{A){{c,, . . . , q), (c'l, . . . , c[)){X) = n V ^(^- O^^)^ 

I r 

T,(^)v((ci,...,q),(c;,...,4))(X)= V \/^(Cr,4)(X), 

r=l s=l 

and again if F is an FSP then Ti{F) is one too, and Ti[A), T(,[A)\/ are stably equivalent 
for any A. 

Proposition 6.9 (Morita Equivalence): Let F be an FSP on C and let P be an F- 
bimodule. Then there is a C^-equivalence 

U^{F-P) ^ U^{Mi{F)-Mi{P)) 

inducing an equivalence on W. 

Proof. We will define the map which induces this equivalence; it will as usual be Cn- 
equi variant. The proof that it is a homotopy equivalence is completely analogous to 
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the proof of Proposition 1.6.18 in [DMc2]. The map is defined by picking some ele- 
ment Co e C, and using it to embed C by a i— > (a, cq, . . . , cq) on objects and 
/ 1-^ (/, Z(ico, • • • 7 ^'^co) on morphisms. Then on C we map F to i*Mn{F)\/ by including, 
for every a,b E C and any finite simplicial X, F{a,b){X) as the (l,l)'st coordinate in 
M„(F)v((a, Co, ... , Co), {b, cq, . . . , cq)), which in turn includes into Mn{F). 

Proposition 6.10: Let F be an FSP on C and let P be an F-bimodule. Then the 
inclusion of the diagonal matrices in the upper-triangular ones induces a Cjj-equivalence 

£ e 

U^il[F;l[P)^U^{T,{Fy,T,{P)) 

i=i i=i 

inducing an equivalence on W. 

Proof. There is an obvious map from the upper-triangular matrices to the diagonal ones — 
collapsing all the off-diagonal terms — which shows that the above map must be the inclu- 
sion of a retract. The proof that it is in fact an equivalence is analogous to that of Propo- 
sition 1.6.20 in [DMc2], and is done by replacing t^"^ (11^=1 -^5 11^=1 -P) with the equivalent 
f^"(VLi^;VLi^) and U^{T^{Fy,Te{P)) with the equivalent U^{T^{F)^;Te{P)y). 

Definition 6.11: We now restrict ourselves to small linear categories C, to FSPs of the 
form C{a,b) — C{a,b) ®z as described in the example after Definition 1.3, and to 

bimodules over them of the form 

P{a, b){X) = B{G^ (a), ^2(6)) 0z Z[X] 

for some other linear category B and two functors Gi, G2 '■ C ^ B which respect the linear 
structure of the morphism sets. In this case we can define FSPs 

i i 

m,(C)((ci, . . . , q), (c'l, . . . , = (0 C(c., c;)) ®z Z[X], 

I I 

M,{C)^{{cu . . . , q), (c'l, . . . , 4))iX) - C(c„ c',) ®z Z[X]. 

r=l s=l 

Observe that the two are, in fact, homeomorphic on any X. One can do the same con- 
struction for matrices over P of the above form. Observe also that the obvious inclusions 
Me{C) M£(C)©, Mi{P) Mi^P)^ are stable equivalences, and therefore by Lemma 6.5 
above we have C„-equivalences 

U^'iMiiCyMiiP)) U''{Mi{C)e;Mt{P)(s) = C/"(m,(C);m,(P)). 
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One can similarly construct upper-triangular versions ti{C), ti{P)^ T^(C)®, T^(P)® and 
get 

U^{T,{C)-T,{P)) U^{T,{C)^;Ti{P)^) = C/-(t,(C); t,(P)). 



Proposition 6.12 (Cofinality) : Let D be a a small additive category (that is, a small 
linear category with a notion of © on the objects which corresponds to taking the direct sum 
of abelian groups on the morphisms, and with a zero object). Let C be a full subcategory 
of it which is cofinal, that is: for any d E T> there is d' E T> such that d® d' E C. Let 
P be an FSP of the form P{a,h){X) = B{Gi{a),G2{h)) Z[X] on V for some additive 
category functors Gi , G2 :T> ^ B. Then the inclusion induces a Cn-equivalence 

U''{C;P\c) ^ U''{V;P) 

and an equivalence on W. 



Proof: Since by construction P respects the direct sum structure, the proof of Lemma 2.1.1 
of [DMc2] works if we use it in some of the coordinates. 

The following proposition connects t/" {Vr; P) with the definition of U of the FSP 
associated to a ring with coefficients in a bimodule which is analogous to Bokstedt's original 
definition of THH in [B] . The former will be needed to construct the map from K-theory 
in section 9 below; the latter is more compact and easier to use for calculations. 

Proposition 6.13 (Another Morita Equivalence): Let R be an associative ring with unit. 
We can view R as the full subcategory on the rank 1 free module inside Vr, the category of 
finitely generated projective right i?-modules. Let P(a,6)(X) = B{Gi{a)^G2{h)) ®z 
for some additive category functors Gi, G2 : Vr B. Then the inclusion R ^ Vr induces 
a Cn-equivalence 

U''{R;P\r)^U^{Vr;P) 

and an equivalence on W. 

Proof: Following the proof of Proposition 2.1.5 in [DMc2], we let J-'r be the category of 
finitely generated free right i?-modules, and J-"^ its full subcategory on the modules of rank 
less than or equal to k. Then the inclusion mk{R) ^ J^r, where we regard mk{R) as the 
full subcategory on a rank k free module, is an equivalence of categories. Note that on the 
category with one object, the FSP me{R) of Definition 6.11 is the same FSP as what we 
would call m£{R), the one associated to the full subcategory described above. 
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So we get a commutative diagram of C^-equivariant maps 



Prop 6.9 



Lemma 6.4 



lim C/"(Mfc(E);Mfc(P|fl))°^-^'\lim U-{mk{Ry,mk{P\R)) lim C/-(^^;P|^.) 

fe— >oo fe— >oo fe— >oo « 

where the labels on the arrows indicate from where it follows that those maps are homotopy 
equivalences. Thus the unlabeled map must be a homotopy equivalence as well. 

In [DMcl] the authors construct a map from K{R; M) to topological Hochschild ho- 
mology, and then show that it is the map from K{R; M) to the first layer of its Goodwillie 
Taylor tower. They start with another functor which maps very naturally to topolog- 
ical Hochschild homology and then look at the functor induced on the Waldhausen S- 
constructions of domain and range. In Section 9 below, we will follow the same method. 
So we briefly recall the S-construction from [W] and [DMcl] . 

Given an exact category (an additive category with a compatible notion of exact 
sequences) C, one can define for any n > another exact category SnC whose objects 
are sequences of admissible monomorphisms = cq ^ ci ^ • • • ^ c„ with particular 
identifications of Cj/ci for all i < j, and whose morphisms are commuting diagrams. 
Assembled over all n, with the obvious composition maps for di, < i < n, omission 
of and quotienting by ci for do, and omission of Cn for dn, these form a simplicial exact 
category. 

If the original category C is split exact, that is: all exact sequences split in it, then SC 
is a split simplicial exact category. One can take functors from small categories to spaces or 
spectra and define them on a simplicial exact category levelwise, and then realize. One can 
also define the iterated S-construction S^'^^C to be the simplicial exact category obtained 
by taking the diagonal of the A;-simplicial exact category one would get by iterating the 
process k times. 

Note that if C is a small exact category, and we have a bimodule over the FSP C of 
the form P(o, b){X) — B{Gi{a), G2{h)) ®z for some exact functors Gi, G2 from C to 
an exact category the Gj induce simplicial exact functors S_Gi : SC S_B and so we 
can define a SC bimodule 

SnP(a,h){X) = SnB{SnGi{a),SnG2{b)) (8)z Z[X] 
for all a, 6 e SnC for all n > 0. 



Proposition 6.14: Let C be a split small exact category and let P be a bimodule over 
the FSP C of the form P{a,b){X) = B{Gi{a),G2{b)) (8)z Z[X] for some exact functors 
Gi, G2 - C ^ B. Then there is a G^-equivalence 

C/"(C;P) ^ n\U''{S^;SP)\ 
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induced by the adjoint to the map S?7"'(C; P) — > \U'^{ SC ; S,P)\ coming from the identifi- 
cation of SqC with the trivial category and SiC with C via {0 ^ c} <-> c. This equivalence 
yields an equivalence 

W{C;P) ^ n\W{SC;SP)\. 



Proof: As in the proof of Proposition 2.1.3 in [DMc2], the key point is that because C is 

split exact, for any /c > 0, if we look at the functor — > SkC defined by (ci, . . . , c^) i— > 
{0 ^ ci ^ ci © C2 ^ • • • ^ ci © • • • © Cfc}, it is an equivalence of categories. The 
morphisms of Sj^C pull back exactly to the upper-triangular matrices so f*{ SkC ) — tk{C) 
of Definition 6.11 above. Similarly, since the Gi are exact functors, they send direct sums 
to direct sums, and so P preserves direct sums and f*{SkP) — tk{P)- We also want to look 
at the functor SkC — ^ C'^ sending {0 ^ ci ^ C2 ^ ■ ■ ■ "-^ Cf~) ^ (ci, C2/C1, . . . , Ck/cf~-i). 
We get a commutative diagram of C„-equivariant maps 

„ Prop 6.10 

Example 6.3 ^ 

u^{tk{cy,tk{p)) u^{Tk{cy,n{p)) 

where the labels on the arrows indicate from where it follows that those maps are homotopy 
equivalences. We deduce that SkP) WiC; Pf for every k. 

We will show that if we apply the maps g^, followed by the projections of Lemma 
6.7, levelwise, we get an equivalence \U^{ SC \ SP)\ — > \BU'^{Cr, P)\ compatible with the 
identifications VjSiC; SiP) = W^iC; P)~ Bi^iC; P), which wiU complete our proof. 
(The classifying space B is taken with respect to the operation induced by the abelian 
group structure on the morphism sets of C.) To show this, we consider that for any 
simplicial object X. one can look at its simplicial path space (p^). defined by (pX)^ = 
with the original do, . . .d^ and sq, . . . ,Sk as structure maps. The 'extra' degeneracy 
map Sk+i from {pX)k to (pX)fc+i allows us to embed the cone on |(pX).| in |(pX).|, 
showing that |(pX).| is contractible. The 'extra' boundary map dk+i : {pX)n — > Xn is a 
simplicial map. Then we have a commutative diagram for each k 



— > (pS)fc(t/"(C;P) = t/"(C;P)'=+i — > Bk{U''{C:,P) = U^'iCr^Pf 

where the vertical arrows are the maps followed by the projections of Lemma 6.7, so we 
know that they are all equivalences, and the bottom row is the trivial product fibration, 
inserting U'^{C;P) in the last coordinate. The two fibrations are therefore homotopy 
equivalent. 
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Proposition 6.15: Let C be a split small exact category and let P be a bimodule over 
the FSP C of the form P{a,b){X) = B{Gi{a), G2{b)) 0z Z[X] for some exact functors 
Gi, G2 '■ C ^ B. Then there is a Cn-equivalence 

lim Q''U^{S^;S^''^P) lim Q''U''{S!^; S^''^ P). 

fc— >oo fc^oo 



Proof: This is analogous to the proof of Proposition 2.2.3 in [DMc2], but is done simulta- 
neously in all n blocks. As usual, we will prove that for all n the given map, which respects 
the Cn action, is a homotopy equivalence, and the C„-equivalence will follow by induction. 

As in [DMc2], sections 2.0.7 and 2.2.1, we can replace U'^{C,P) by the simplicial 
abelian group R, {C) with 

RJC) = hocolim 17^^ ff^ 

— (ci,0,.--,Cl,j,,C2,0v,C„,j,)eC"(P+l) 

sB{Gi{ai^o), G'2(ai,_i)) (g) Z[sC(ai,i, ai,o)] (8) • • • <8) Z[sC{ai^p, ai,p_i)](g) 
Z[sB{Gi{a2,o), G2(a2,-i))] ® • • • ® Z[sC(a2,p, a2,p-i)] • • • <8) Z[sC(a„,p, a„,p_i)] 

where sB, sC denote the categories of simplicial objects in C, 

ai,-l =Cn,p®Z[5^^], 

for 1 < z < n, 

a^,_i = Ci_i,p (g) Zi^^c^.ox^-i.p)^^.'], 
and for 1 < z < n, < J < p 

a^j = Ci,j-(8)Z[5^('='0>(i..)^M]. 

The ordering on pairs of indices is lexicographic. 

For every p, then, Rp clearly satisfies the requirements of Lemma 2.2.2 in [DMc2], 
yielding 

do + d2 ^ di : lim it Rp{S^^^ S2C) lim itRp{S^^^C). 

fc— »oo fc— >oo 

For every p we have maps 

R^iC) ^ Rp{C) ^ Ro{C) 

with (H^o Sq = idij(,(c). We will show that o ~ ''^^Rp{C) ^ well, so that the Rp{C) are 
all homotopy equivalent to Rq{C). 
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Since dQ~^odi = dQ, < i < p, these di : Rp{C) — > i?p_i(C) are homotopy equivalences 
compatible with the equivalence Rp{C) — > Ro{C). Since dQ"*" o Si — for all < i < p, 
Si : Rp{C) Rp-^-i{C) are similarly compatible. One could, similarly to the calculation we 
are about to make, show that di o d2 o ■ ■ ■ o dp : RpiC) — > Rq{C) is a homotopy inverse of 
Sq, which implies that dp : RpiC) Rp-i{C) is also a homotopy equivalence compatible 
with the equivalence Rp(C) — > Ro{C). Thus 

\{p^ Rp{C)}\= hocolimi?o(C) - Ro{C), 

where the homotopy colimit is taken over the co-simplicial category, and the last equiv- 
alence is because all the maps involved are homotopic to the identity and the homotopy 
colimit of a point over the category is contractible. 

To define the homotopy Sq o cZq ~ idji^^c) for a fixed p, note that Rp{C) is generated 
by products of blocks of maps 

«i,o : Gi{ai^o) G2{ai-i^p) 

CKi.i ai,2 a;i,3 ai^p 

ai,o < — Oi,! — ai,2 < — • • • < — ai,p 

for all 1 < z < ?i (defining a_i^p = a^p). We can write such a generator as a = 
("1,0, "1,1, • • • , ^2,0, • • ■ , ttn.o, ttn,!, ■ • • , an,p)- Define 



ioT 1 < j <p and 



Then 



= «ij o ai,j+i o • • • o ai^p : ai^p aij-i 



4 o <(a) = (/3i, idai.p, ■ ■ ■ , idai.p, /32, idaa.p, • • • : ida2,p, • • • , /3n, ida„,p, • • • , ida„,j,)- 
Now define tl^{a) for 1 < i < n to consist of 



and 



G2{ai-i,p) 

G2{ii) 



Gi{ai^p) 

Giiii) 



<j-2(Oi-i,p © ai-i,p) < — <J-i(Oi,p © ai,oJ 



02(712) 
G2{ai-i,p) 



a 



i,p 



id®ai,i id®ai^2 
(^ijP ® (^1,0 ■* ^i,p ® 



7r2 



7r2 



Oli,l 



Gi{ai,o) 



a. 



icl®ai,p 
7r2 



a 
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where ii is the inclusion into the first factor in the direct sum and 7r2 the projection into 
the second. Then the map 



induces a map 



Tid ■ Rp{C) Rp{S2C). 
Also, define t^. (a) for 1 < z < n to consist of 

G2{ai-i,p) 

G2(A) 



G2{ai-i,p © ai-i,p) 

G2(id -id) 
G2{cii-l,p) 



G2(A)ai,oGi(7r2) 



Gi((id®/3i,i)A) 

Gi{ai^p © ttifi) 

Gi(/3i,i,-id) 

Gi(ai,o) 



and 



a 



i.p 



(id®/3i,i)A 



id®ai,i 

Oj^p © Oj^O (^ijp © (^ijl 



(id®/3i,2)A 

id®ai,2 



A 

id®ai,p 



(^i.i -id) 



(/3i.2 -id) 



(id-id) 

.p 



a 



i,p- 



The map 
induces a map 



: Rp{C) — > Rp{S2C). 



Recall that for ci ^ C2 with an identification of C2/C1 in 5'2C, cLq is C2/C1, di is C2, and (i2 
is ci. Thus 

doTid = id (ioT> = 

d2Tid = (i27> = o c/P. 

Thus the induced maps 

lim n^RpiS^^^C) lim O!" Rp{S^^^ S2C) lim n''Rp{S^''^C) 

fc— >oo fe— >oo A;— >oo 



satisfy 



id = doTid ^ rfiTid = diT;3 ~ dsT^ = 8^0 dl, 



where the homotopies use the homotopy do + d2 ^ di : limfc_»oo Rp{S^''^ S2C) 
lim^^oo 0,''Rp{S^''^C) mentioned above, along with the vanishing of (i221d, doTfj. 
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Proposition 6.16: Let C be a split small exact category and let P be a bimodule over 
the FSP C of the form P{a,b){X) = B{Gi{a), G2{b)) 0z Z[X] for some exact functors 
Gi, G2 '■ C ^ B. Then there is a Cn-equivalence 

lim V U^{S^\c; S^''^ P\c) ^ lim n''U^{S^;S^''^P). 

fc— »oo ' ~ ~ fc^oo 



Proof: As in the proof of Proposition 6.45 above, we replace Uq by the abelian group Rq; 
the corresponding replacement for VceC Uq{C\c, P\c) is 

R'(C) =fft hocolim 0^^fsB(Gi(a;),G2(a[)))® 
ceC — 

Z[sB(Gi(4), G2(a;)] ® • • • ® Z[sB(Gi(a;), G2(a;_i)]) 
~ hocolim 0^^fI^fsi3(Gi(a;),G2(a[)))® 

Z[si3(Gi(4), G2(a;)] ® ■ ■ ■ ® Z[si3(Gi(a;), G2(a;_i)]) 

where a() = c®Z[5^^], a'^ = c ® Z[5^2u-ux„]^ _ _ _ ^ ^/^_^ ^ ^ ^ 2[5^"], = c. 
We have the obvious inclusion 

i : ^ i?o(C) 

and a map 

Ro{C) M R'iO 

sending each summand corresponding to (ci, . . . , c^) G C"^ in Ro{C) to the summand cor- 
responding to c = ci ® • • • © c„ in R'{C) via the map induced by the obvious inclusions and 

ij TTj 

projections cj — > ci ® • • • © Cn — > cj , 

sB(Gi(7ri), G2(zn)) «) Z[sB(Gi(7r2), ^2(21)] Z[sB(Gi(7r„), G2(zn-i)]. 

Since i2o satisfies the requirements of Lemma 2.2.2 in [DMc2], 

do + d2 ^ di : lim n^Ro{S'^''^S2C) lim n''Ro{S^''^C). 

fc— »oo fc^oo 

Define a map T : Rq{C) ^ Rq{S2C) by sending 

^2(00)^^1(01) G2{ai) ^ G\{a2) ■■■ G2{an-i) ^ Gi{an) 
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to 



Qfl 



G2(ao) 

G2(i„) 



6*1(01) G2{a 



a-2 



Gi(ii) 



G2(il) 



Gi(a'i) G2{a!^) 
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Gi(pi) 



G2(P1) 



Gi(a2) ■ 

Gl(i2) 

Gi(a'2) • 

Gl(p2) 



G2(j„-i) Gi(i„) 
7n 



G2(a;_i) 



Gi(a;) 



G2(Pti_i) 



Gi(p„) 



G'2(a^i) 







where — G2{ij-i)(XjGi{nj) (with Iq defined as and for aU < i < n (with 
cychcally identified with n as an index for the Ci as usual), 



By construction we have short exact sequences — > aj 



a 



0. 



We have d^T = 0, — id, and diT — i o so on hnifc^oo Q'^Ro{S^'^^C), 

id = d2T = doT + d2T ~ diT = z o j. 

Now J oi is not equal to the identity, but note that the map T above sends R'{C) to R'{S2C) 
and R' also satisfies the conditions of Lemma 2.2.2 in [DMc2], so the formula for T also 
gives a homotopy joic^ ^^limk^^ Qf'R'isWc)- 



Corollary 6.17: Let C be a split small exact category and let P be a bimodule over 
the FSP C of the form P{a,b){X) = B(Gi(a), ^2(6)) Z[X] for some exact functors 
Gi, G2 :C ^ B. Then there is a Cn-equivalence 

lim O^' V U^{ S^^^C \r\S^^^P\r) ^ lim ^^[/"( ^(^^C ; ^^^^P). 

k — >oo " ^ — 



ceswe 



7. Cubical diagrams and analyticity 



Our goal in this section is to recall some definitions and terminology from [G2] which 
are suitable for our applications and then to show that the functor W{F; P ® — ) is 0- 
analytic. Instead of developing the tools to apply the Taylor tower to the category of all 
P-bimodules, we will instead define this functor from spaces to spectra, which we will be 
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able to apply [G2] and [G3] to without additional modifications. This is done to avoid 
complications that are not necessary for our applications. 

For S a finite set, let V{S) be the poset of all subsets of S. An S'-cube (or n-cube 
where n= \S\) in a category C is a functor X from V{S) to C. Thus, a 0-cube is an object 
of C, a 1-cube is a morphism and a 2-cube is a commuting square in C. 

Let X be an S'-cube of spaces or spectra. Since is initial in 5, — > holimgA' is 
an equivalence. Let Vq{S) be the poset of nonempty subsets of S. The homotopy fiber of 
X is: 

hofib(A') = hofib (^"(0) ^ holimp^(s)A'). 
We say that X is k-Cartesian if a is A;-connected and Cartesian if a is an equivalence. 

Since S is final in V{S), colimp^g^A' — > X{S) is an equivalence. Let Vi{S) be the 
poset ofT C S such that T ^ S. The homotopy cofiber of X is: 

hcofib(A') = hcofib (hocolimp^(5)A^ X{S)). 
We say that X is k -co- Cartesian if /3 is /c-connected and co-Cartesian if P is an equivalence. 

Terminologv for F-bimodules : Let F be a fixed FSP. We now want to modify the above 
definitions for functors from spectra to spectra so we may apply them to the category of 
F-bimodules. Recall that a morphism of F-bimodules is /c-connected if for all A,B & O, 
the map of associated spectra /a,b is /c-connected. We will call a cubical diagram X 
of F-bimodules (or functors with stabilization) /e-(co) Cartesian if for all A, B E O its 
associated diagram of spectra Xa,b is A;-(co)Cartesian. 

Definition 7.1: An ^-cube X of spaces or spectra is strongly (co-) Cartesian each face 
of dimension > 2 is (co-) Cartesian. 

Definition 7.2: Let F be a homotopy functor from C to T). Then F is n-excisive, or 
satisfies n-th order excision, if for every strongly co-Cartesian (n -|- l)-cubical diagram 
X : V{S) C the diagram F{X) is Cartesian. 

Example 7.3: By Proposition 3.4 of [G2], if M : C^'~ ^ "D is ni-excisive in the i-th variable 
for all 1 < i < r, then the composition with the diagonal inclusion C — > C^^ is n-excisive 
with n = ni-\- h rir- Thus, by Lemma 3.3 of [G2], U^{F] ) is an n-excisive functor. 

Example 7.4: Spectra have the nice property that for n-cubes of spectra, '/c-Cartesian' = 
'(k-l-n-l)-co-Cartesian' (1.19 of [G2]) and hence, by definition, the category of F-bimodules 
(or functors with stabilization) also shares this property. In particular, every co-Cartesian 
diagram of F-bimodules is Cartesian and thus for any FSP F, the identity functor from 
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F-bimodules to itself is 1-excisive. More generally, given a unital map f : F ^ F' oi 
FSP's, the functor /* from F'-bimodules to F-bimodules is 1-excisive. 

Example 7.5: The functor n°° from F-bimodules to F-bimodules is 1-excisive (since 
id Since F maps to Q°°F, one can regard the resulting F-bimodules as F- 

bimodules again. Thus one can replace every strong cofibration square of F-bimodules by 
an equivalent strong co-Cartesian square of F-bimodules for which the associated spectra 
sending n to the value of the functor on S'^ are fi-spectra. 

Definition/Example 7.6: Given a functor with stabilization Q, we let denote the 
homotopy functor X i-^ Q{X) which is necessarily reduced {Q{*) — *)■ Then 0°°(5* is a 
1-excisive functor from spaces to spaces which satisfies the limit axiom. We recall from 1.7 
of [Gl] that a homotopy functor G satisfies the limit axiom if for all spaces X, 

hocolimycxG'(y) ^ G(X) 
where the limit system runs over all compact CW-subspaces and maps the inclusions. 

Definition 7.7: (Goodwillie [G2]) Let F be a homotopy functor from C to V. Then F 
is stably n-excisive, or satisfies stable n-th order excision, if the following is true for some 
numbers c and k: 

En{c,K): If X : V{S) — > C is any strongly co-Cartesian (n -|- l)-cube such that for all 
s & S the map ^"(0) ^{s) is fcs-connected and ks > k, then the diagram F{X) is 
(— c -I- S/cs)-Cartesian. 

If F„(c, k) holds for all n then we simply say that F satisfies En{c). 
Example 7.8: Every n-excisive functor satisfies En{c) for all c. 

Example 7.9: If F* is a simplicial object of functors from spaces or spectra to spectra 
satisfying F„(c, k), then the realized functor |F*| (to spectra) also satisfies F„(c, k). This 
is because the realization functor is equivalent to a homotopy colimit which preserves 
connectivity and commutes with finite homotopy inverse limits (because we are in spectra). 

Example 7.10: For any functor with stabilization F, the functor from spaces to functors 
with stabilization sending a space X to the functor with stabilization P ® X : Y i-^ 
P{Y) A X is 1-excisive, and the functor from functors with stabilization to spaces defined 
by F 1-^ hocolimxei M ap{S-^ , P{S-^)) is 1-excisive. 



45 



Definition 7.11: (Goodwillie [G2]) The functor F is p-analytic if there is some number 
q such that F satisfies En{np — q, p + 1) ior all n > 1. 

Definition 7.12: Given an F-bimodule P, we write ?7"(F; P (8 -) and Wm{F; P ® -) 
for the homotopy functors from spaces to simphcial functors with stabihzation defined by 
composition with the functor P ® — (of Example 7.10) from spaces to P-bimodules. We 
note that t/"(P;P (g) — ) satisfies the limit axiom but Wm{F;P ® — ) only does if A4 is 
finite or P is 0-connective. 



Example 7.13: For any m\n and P-bimodule P, the functor U"^{F; P® —)hCm from space 
to functors with stabilization is n-excisive and satisfies Ek{0) for all /c > 1 and hence is 
— 1-analytic. 

Proof: (after 4.4 of [G2]) Since homotopy orbits preserve connectivity and commute with 
finite homotopy inverse limits, it suffices to show the result for [/"(P; P (8) — ). 

By Example 7.5, we may assume P is an F-bimodule. Now ?7"(P; P (8) — ) is the 
diagonal on an n-multi-excisive functor so by Example 7.3 it is n-excisive. By Proposition 
3.2 in [G2], being n-excisive implies being /c-excisive for all k > n, which implies (as 
observed in Example 7.8 above) that U"'{F; P ® — ) satisfies E]^{c) for all /c > n and all c. 
Below we will show that for all /c > 1, U^{F; P — ) satisfies -E'fe(O). Once we know that, 
we can take q = —n and get that for all A; > 1, U"^{F; P (8) — ) satisfies Ek{—k + n, 0) and 
so it is —1-analytic. 

By Example 7.9, to show that U"'{F; P 8) — ) satisfies Pfc(O) it suffices to show that 
U'^{F;P® ~)[m] satisfies -Efc(O) for all A; > 1 and m > 0, so we fix m and consider 
t/"(P;P®-)H. 

Let A* be a strongly co-Cartesian 5'-cube of P-bimodules such that ^"(0) — > X[s) is 
A;s-connected for s & S. Now for any space Z, the spectra 

n 

U^{F; P)[^] A /\ Z ~ U^{F; P ® Z)[^] 

are equivalent. By example 4.4 of [G2], A"A' is Efeg-l-n-co-Cartesian (reduce to a CW case 
and consider cells), thus U'^{F; P (8) is a Sfc^ -|- n-co-Cartesian diagram of spectra 

and so a Efcs-Cartesian diagram of spectra. 

Proposition 7.14: Let M C be such that for aU M e M, M C M (notation as in 
Proposition 5.6). Then for P-bimodules P, Wm{F; P <S> — ) satisfies Pn(l) for all n > 1 
and hence is 0-analytic. 
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Proof: Note, if C is finite, then there exists an M e such that M. is covered by 
M and — M (as in 5.6). Thus, by 5.6 we have a natural fibration: 

U^{F- P ® -)hCM holimMU{F- P ^ -)\^ ho\imM-MU{F- P ® -)\m-m. 

By Example 7.13, satisfies -E„(0). Now Al - M is again such that if M' e M - M 

then M' C /A—M and so by induction on the number of objects of Al , h.olim.M-MU {F; 
—)\m-m satisfies -E„(0) and hence holim_y\^C^(F; P (8) — ) satisfies -E„(0) too. 

In general, Wm{F', -P ® — ) can be written as 

Wm{F; P -) ~ holim Wm^ {F; P (g) -) 

oo<— n 

for Af„ finite and as above. Now since homotopy inverse limits commute, the homotopy 
fiber of Wx(P; P (g) — ) on a strongly co-Cartesian (n + l)-cube is the homotopy inverse 
limit of the homotopy fibers of the Wx„(P; P (g) — ) on that cube. By [BK], XI. 7.4, there 
is a natural short exact sequence 

— > lim^^oQ7ri-|-i(the homotopy fiber of Wm„) — ^ 7rj(the homotopy fiber of Wm) 

— > lim^^oo7i'i(the homotopy fiber of Wm^) ~^ 

and since the homotopy fibers of the Wm^ ^^re S^s-connected, the homotopy fiber of Wm 
must be —1 + Efeg-connected. So Wm{F; P® — ) always satisfies En{l). 

Remark: Certainly Proposition 7.14 holds for more general categories M. but what is 
proven suflBces for our purposes. For example, using M and the equivalence 

^holim^[/(P;P®-)|Ai 

(M is initial in M) we see that t/"^(F; P -)^^ also satisfies En{0). 

8. Taylor towers and Wm(F; P -) 

We now want to identify the Taylor tower for W{F; P® — ) and W^p\F; P® — ) when 
P is an P-bimodule. Technically, what we will write down is what one might call the 
Maclaurin series since it is the Taylor tower at the basepoint. We will be using universal 
properties and the results of section 6. 

Recall that for a p-analytic functor F there is an n-excisive homotopy functor called 
the n-th degree Taylor polynomial which we write as PnF. We also define: 

DnF = hofib(PnP ^ Pn-lF). 
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Terminology: An admissible sequence {xi, . . . , Xn} is a (possibly infinite) strictly increasing 
sequence of positive integers such that 



(i) xi = 1 

(ii) If m\xj then ^ e {xi, . . . , xj-i} 

Note that if {xi, . . . , x^} is an admissible sequence then so is {xi, . . . , Xn-i}- Some 
examples of admissible sequences arc: {1, 2, 3, . . .}, {1, p^, . . .}, {1, p, q, pq} where p and 
q are prime. Any multiplicatively closed subset of A^^ which contains all its prime divisors 
and 1 determines an admissible sequence and every admissible sequence is a subsequence 
of one obtained in this manner. 

Given an admissible sequence {xi, . . . , x^j, . . .}, let Xj C be the full subcategory 
generated by {xi, . . . ,Xj}. Thus, Xj C Xj+i and Xj+i is covered (as in Proposition 5.6) 
by Xj and Xj+i. Let X be the full subcategory generated by all Xj's. 



Proposition 8.1: Given an admissible sequence {xi,X2, . . .} and an F-bimodule P, then 

DJWx.(F;P^-))c^ rC/"(F;P®-)ftC„ if n G {xi, . . . , x,} 
^ l * otherwise 

Dr,{W:,{F-P®-))^ {U-{F-P®-)nc^ ifneW,...} 

I * otherwise 
Pn{Wx{F]P®-)) ~ Wx^{F-P(^-) where Xk <n<Xk+i 

with structure maps qn '■ Pn ^ Pn-i given by restriction to subcategories. 



Proof. In order to ease notation, we will drop F and P from our notation so that Wx will 
represent Wx{F; P (8) — ). 

We recall from [G3] the following facts about the functor P^ (at the basepoint): Pn 
preserves equivalences and fibrations of functors. For F p-analytic, the natural transfor- 

mation F P^F is universal with respect to mapping F to an n-excisive functor which 
agrees with it to order n, that is: so that for some constant g, pnF is at least nk + q + k- 
connected on A;-connected spaces for A; > p (see [G3] , just after the proof of Proposition 
1.6). 

We will use the fibration 
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from Proposition 5.6. By Example 3.5 of [G2], UJ^^-, is an n-excisive functor. If F" — > F — > 
F' is a fibration of homotopy functors and both F" and F' satisfy En{c), then F satisfies 
En{c) also. So by induction and Proposition 7.14, is 0-analytic and Xj— excisive. 

By the universality of PnF, if F is 0-analytic and m-excisive, the natural transforma- 
tion F — > PnF is an equivalence for all n > m on all 0-connected spaces and so a stable 
equivalence for those n. Therefore Pn{Wxj) — Wx^ for all n> Xj. 

Now the connectivity condition in the universal property of P„ shows that UJ^c„ 
fact a homogenous n-excisive functor, i.e. 

Using the fibration of Proposition 5.6 again, this implies that Pk{Wxj) — ^ PkiWxj^-i) 
is an equivalence for k < Xj, so the first two results follow by induction on j. 

As in Corollary 5.8, we see that Wx is {xj+i{k -|- 1) — 2) connected for X 

A;-connected. Since Xj+i > Xj + 1, this implies {{xj + 1)(A; + 1) — 2)-connectedness, that 
is: {xjk + Xj — 1 + A;)-connectedness. Thus, by the universal property of Pa;^. , PxjWx 
PxjWxj is an equivalence. The formula for the layers DnWx now follows by induction 
since we know the layers DnWxj for all j and n. 



Corollary 8.2: For any FSP F and linear bimodule P, one has 

D^{W{F; P ® -)) ~ [/"(F; P ® 
Pn{W{F; P ® -)) ~ Wn{F; P ® -) 

P»„(W^(f)(P;P®-)) ~ \u''\F;P®-)hc^, ifn = p'= 

t * otherwise 

Pn(W^^P) (P; P ® -)) ~ Wjf'^ (P; P®-) where <n< 
with structure maps Qn '• Pn ^ Pn-i given by restriction to subcategories. 



9. Relating K(R\xM[X]) to W(R\ M®EX) 

When R is an associative ring with unit and M is a simplicial P-bimodule, Dundas 
and McCarthy defined in [DMcl] the invariant K{R;M). For M discrete, this is the 
algebraic K-theory of the exact category whose objects are (P, a), where P is a finitely 
generated projective P-module and ct : P — > P M is a right P-module map, and whose 
morphisms from (P, a) to {Q,P) are right P- module homomorphisms f : P ^ Q such 
that (3 o f = (/(g) \m) ° OL. For M a simplicial P-bimodule, this definition is applied 
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degreewise. In Theorem 4.1 there, Dundas and McCarthy show that there is a natural 
homotopy equivalence 

K{R\xM) ~ K{R;B.M) 

where B.M ~ M[S'"'^] is the bar construction on M. The functoriality of this identification 
means that the direct summand K{R) = K{R; 0) maps compatibly to both sides, so we 
have a natural equivalence on the reduced theories K{R\xM) ~ K{R] B.M) as well. The 
argument in [DMcl] goes on to show that topological Hochschild homology THH(i?; M) is 
the first derivative at the one-point space * of the functor X i— > K{R; M[X]). 

Now Proposition 3.2 in [Mcl] says that the functor X i— > K{R-, M[X]) is 0-analytic. 
We want to show that for connected X, this functor is naturally homotopy equivalent to 
the functor X ^ W{R; M[X] ) W{R;M^ X), which is also 0-analytic by Proposition 
6.14 above. Here R is the FSP associated (as in the example after Definition 1.3) to the 
category having a single object and R as its morphism set, and M is the ^-bimodule 
sending X ^ M[X]. The equivalence W{R;M®X) ~ W{R;M[X]) is by Lemma 6.5 
above. 

It will turn out to be more convenient to map into VF(Pi?;M) instead of W(R; M), 
where Vr is the category of finitely generated projective right i?-modules, and M is the 
Pij-bimodule given by 

M(A, B){X) = RomMniA; B (^r M) ®z Z[X] 

for all A^B E Vr, X G 5*, where M.r is the category of all right i?-modules. The 
restriction of this M on Vr to the full subcategory on the rank 1 free module (which is 
isomorphic to the category R) is the M of the previous paragraph. 

Lemma 9.1: Let R be an associative ring with unit and let M be a discrete i2-bimodule. 
Then we can define maps 

k{R-M) ^ W^CPr;,!^) 

for all n > 1 such that Res^ °Pn = Pm for all m|n and such that /?i is the map of Theorem 
3.4 in [DMcl]. 

Proof. As defined in section 3 of [DMcl] , 

K{R;M) = n\ H Roms,Mnic,c®RM)\. 

cES.Vr 

We will let 

]C{R;M)= JJ RomMnic,c0RM). 

c^Vr 
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It is easy to map 



for all n > 1 such that Res'" o bn — for all m|n and such that bi is the map [DMcl] 
used at this level: send 

HoTciMn (c, c M) Homx^ (c, c ®r M) A • • • A Hom>t (c, c ®r M) 



n times 



that is: map Hom>i^ (c,c M) into the multi-simplicial degree (0,0,... 0) part of 
U^{Vr'-i M) (where there are no Vr coordinates, only bimodule coordinates), into the 
term corresponding to X = (0, 0, . . . , 0) (since (8)zZ[S'°] = (8)zZ does not do anything to 
an abelian group) by sending a to n copies of itself. 

For each k, on of Waldhausen's S-construction (as reviewed before Proposition 6.14 
above) 6„ induce maps 



U Roms,Mnic,c^RM)^U''{Sk'PR;SkM) 
ceSkVR 



and so we get maps 

K{R;M) = n\ ]J Roms,Mn{c,c®RM)\^n\U''{S.VR;,S.M)\^U''{VR;,M) 

by the equivalence of Proposition 6.14. These satisfy Res"» o /3„ = Pm for all m|n and 
generalize the construction of [DMcl]. 

Note that by naturality, these send K{R) = K{R; 0) — > ?7"'(^r; 0) ~ * and and so 
factor through reduced K-theory maps 

K{R;M) ^ U''{Vr:,M). 



Recall that for simplicial i?-bimodules A^, K{R] N) is defined by geometrically real- 
izing the K{R; N^Ys with respect to the maps induced by A^'s simplicial structure. Since 
the functors U"^{F; — ) commute with realizations, we could do the same for W^jTR; N_). 
Therefore, Lemma 9.1 allows us to define maps 



K{R;N) ^U''{Vr;,N) 
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for any simplicial -R-bimodule N, satisfying Res"^ o /?n = Pm for all m\n and generalizing 
the construction of [DMcl]. Since the are compatible with the restriction maps, they 
define a map 

k{R;N) ^W{Vr;,N). 

We will want to apply this for N = M[X] for M a discrete J2-bimodule and X a finite 
pointed simplicial set. Note that the FSP M[X] associated to the simplicial -R-bimodule 

M[X] is the same as the FSP M[X] of Example (iv) after Definition 1.5, and as such has 
an associated spectrum stably equivalent to that of M (8) X of Example (iii), which has 
been studied in the previous section. The following Theorem will be proved in several 
steps. 

Main Theorem 9.2: Let R be an associative ring with unit and let M be a discrete 
i?-bimodule. Then the natural transformation 

K{R:M[X\) W{Vr;M[X]) 

induces an equivalence when X is connected. Since by Proposition 6.13, 

WiR;M[X]) ~ W(Vr;M[X]) 

is a homotopy equivalence (note that in the proof there are maps given in both directions) , 
this gives a homotopy equivalence 

k{R;M[X]) ^ W{R-M[X]) 

for connected X. 

Corollary 9.3: The Taylor tower of the functor X ^ K{R; M[X]) at * has Wn{R; K[X]) 
as its n'th stage, with the tower maps given by category restriction. 

Proof of the Corollary: In Corollary 8.2 above, we have seen that the Wn{R; M ® — ) 
are the finite stages in the Taylor tower of W{R; M (8) — ) at *, related by the category 
restriction maps. By Lemma 6.5, this means that the W„ (R\ M[X]) are the finite stages 
in the Taylor tower of W{R;M_[X]) at *, related by the same maps. The coefficients in 
the Taylor tower can be computed by looking arbitrarily close to the space at which we 
are working. See Remark 1.1 in [G3] for a discussion of this. So to find the Taylor tower 
of X I— > K{R; M[X]) it is enough to look at connected X, where Theorem 9.2 tells us it 
agrees with W{R;M[X]). 

Proof of the Theorem: We will use a variant of Theorem 5.3 of [G2]. Theorem 5.3 says 
that if two p-analytic functors F and G have a natural transformation between them 
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which induces an equivalence of the differentials DxF — > DxG at every space X, then for 
(p + l)-connected maps X — > y there is a Cartesian diagram 

Fix) G{X) 
F{Y) G{Y). 

The same proof shows that if two p-analytic functors F and G have a natural transforma- 
tion between them which induces an equivalence of the differentials DxF DxG at every 
p-connected space X (i.e. every X for which the map X — > * is (p + l)-connected — see 
the comment just after Definition 1.3 in [G2]), then for every p-connected X there is a 
Cartesian diagram 

F{X) G{X) 
F{*) — > G{*). 

So we need to show that the natural transformation f3 induces an equivalence on the 
derivatives at all 0-connected spaces. Since K{R; M[*]) ~ W{Vji; M[*]) ~ *, this will 
imply that for any 0-connected X, /3 is an equivalence. 

So let X be connected; we should consider spaces Y ^ X over X; but for simplicity 
of writing, we would like to eliminate the spaces from our calculation. In the following 
sections, we will prove 

Technical Lemma 9.4: Let R be an associative ring with unit, and let M,N be two 
simplicial i?-bimodules. If is /c-connected, (3 induces a 2/c-connected map 

homi{K{R;BM e BN) k{R;BM)) ho^h{W{rR; BM BN) W{Vr; BM )). 



Having this lemma lets us conclude the proof of Theorem 9.2: because of the obvious 
equivalences 

M[Xy A] = M[X]®M[A] 

and, for connected spaces Z, M[Z] = S. (OM[Z']) (for 17 a simplicial model of the loop 
space). Technical Lemma 9.4 would tell us that 

homi{k{R;M[Xy S'']) k(R;M[X])) hofib(W^(^; M[X V ^'^l) ^ W{Vr;M[X])) 

is 2{k — l)-connected for all /c > 1. But by the definition of a derivative at a space X of 
a functor (at the basepoint of X) from [Gl] (for functors to spaces) and [G2] (section 5), 
the spectrum k ^ ho&o{k{R; M[X V S'']) ^ k{R; M[X])) is equivalent to the derivative 
of the functor k{R;M[-]) at X, and similarly the spectrum k ^ hofib(W^(P^; M[X V 
^fc]) ^ W{'Pr;,M_[X])) is equivalent to the derivative of the functor W{Vr;,M_[-]) at X. 
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The 2{k — l)-equi valences of the fc'th spaces in these two spectra make the two of them 
equivalent, and thus the two derivatives agree, as we needed to show. 



10. Reduction of Technical Lemma 9.4 to THH 



In this section we are going to prove that for ^-connected AT, the two fibers in Technical 
Lemma 9.4 in are both 2A;-equivalent to THH( Ri<M , BjN). In section 11 we will prove 
that the trace map /? induces the abstract equivalence obtained in this section. 

Lemma 10.1: Let R be an associative ring with unit, and let M and N be two simplicial 
i?-bimodules, then 

K{RtKM; B.N) ~ hofib(K(i?; B.M © B.N) — > K{R; B.M)). 



Proof. Using the isomorphisms B.M® B.N ~ B.{M®N) and R^{M®N) ^ {R^M)\kN 
the result follows from the commuting diagram whose vertical maps are equivalences by 
4.1 of [DMcl] as well as the identification of the homotopy fiber on the bottom row: 

hofib — > K{R;B.M®B.N) — > K{R;B.M) 
K{R\><M;B.N) — > K{{R\kM)\><N) — > K{R\><M) 



We are interested in K{R\kM; B.N) in a 2/c-connected range when is /c-connected. 
By Theorem 3.4 of [DMcl], the trace map K{R\xM]B.N) — > THH( RtKM ;BJl) is 
2{k + l)-connected if is /c-connected. We let 7 be the composite obtained using the 
natural splitting of the rows in (1): 

k{R,B.(M®N)) ^ k{RiK(M®N))^k((RiKM)^N) 

(2) h 

THHj R^M ^BjT) ^1^^^ k{R\xM;B.N) 



Proposition 10.2: For a ring R and simplicial i2-bimodules M and N, using the natural 
map 7 from (2), we obtain 

k{R; B.M © B.N) "^^-^^ THHj RixM ; B.N ) x k{R; B.M). 
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In order to identify the homotopy fiber of the map 

W{R; B.M ® B.N ) — > W[R, B.M ) 

we first observe that by the multi-hnearity of — ), for any FSP F and F-bimodules 

Po and Pi, we have a C^-equivariant decomposition 

U^{F- Po ® Pi) ^ n ^"(^; • • • , Pain))- 

aeHomsets({l,2,...,n},{0,l}) 

Thus, if Pi is ^-connected we have a 2A;-connected C^-equi variant map 

(3) t/-(F; Po ® Pi) U'^iF; Po) x (C,)+ A t/"(P; Po, . . . , Po, Pi). 

Taking fixed points, this gives a map 

t/"(F; Po e Pif- C/^(P; Pof- x t/"(P; Po, . . . , Po, Pi). 
We obtain maps for all k dividing n, 

U'^iF; Po © Pi)^" ^ U'^iF; Pq © Pi)^'= ^ U''{R; Pq . . . , Po, Pi) 
and hence maps e^: 

t/"(P; Po © Pi)^" ^ t/"(P; Po)^" X J] C/'=(P; Po, . . . , Po, Pi) 

k\n 

which take the restriction maps for the fixed points of the t/'s applied to Pq © Pi to the 
restriction maps of the t/'s applied to Pq and the projections on the product. 

Lemma 10.3: The map of homotopy inverse limits produced by the e^'s: 
W(R-. B.M ®B.N) holimMx(£/"fP; B.M )^- x Ilfcin^^^-^' P-^ ^ -^-^ ^) 

W(R; B.M ) X Y\T-o U^iR'^ P-M B.M , B.N ) 

is 2(A; + 1) — 1 connected if N is A;-connected. 

Proof. It is enough to show the map for each Wn to holim{<„j. is 2{k + 1) connected. By 
Corollary 5.7 it is enough to show that the C^-homotopy orbits of the maps in (3) are 
2{k + 1) connected, which they are since homotopy orbits preserve connectivity. 
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In order to relate H^o ^^i^'^ ^-M , . . . , B.M , B.N ) to THH{ R\kM , B.N ), a propo- 
sition motivated by the result in [L] will be useful. For i? — > 5' a map of FSP's and M an 
^-bimodule we can form a bi-simplicial spectrum 

[P] X [q] ^ UP+\R-S,...,S,M) 

where the g-direction has the usual (diagonal) simplicial structure of U and the p direction 
has the evident simplicial structure defined so that 

r* + l 



U*^\R-S...,S,M) ^ THH{S,M). 



Proposition 10.4: If i?—^^' is a map of FSP's over the same underlying set and M is 
an jS-bimodule, then the natural map 

U^{S, M) — > U*+^{R, S*, M) 

given by the inclusion of the zero simplicial dimension 

U*+\R,S\M\o]=U\S,M)^,^ 

is an equivalence. 

Proof. Since both theories are linear in the bimodule M variable it is enough to show 
that the map is an equivalence for M = S ^ X (S> S for X a spectrum (and the tensor 
product taken over the sphere spectrum). More general bimodules M can be resolved by 
bimodules of this form, using the functor X S ® X ® S from spectra to S'-bimodules 
and its adjoint, the forgetful functor. In this case one can "break" the circles to get 

n+2 times 

t/"+^(i?,5",M)[,] ^ X^'s^nsi- --^rS. 

The induced structure maps (from the unused simplicial direction) are simply X ( ) 
applied to the standard bimodule resolution of S as an i?-algebra (i.e. multiplication on 
the"insides", no twists) and hence since this is homotopy equivalent to S again (using the 
extra degeneracy map), we get X (S) S. 

Corollary 10.5: For a ring R and simplicial i2-bimodules M and N, 

oo 

THHj R^M - B.N ) ~ J]^ C/"(E; B.M . B.M . B.N ). 

a=0 
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Proof. By Proposition 10.4, we have 

THH( RtKM ;Bjr} ^ U*^UR\ m<M^,B.N). 

Using the multi-hnearity of the C/'s, , if we let 5''^ = /d, we have by the calculations at 
the end of the next section an equivalence pA of bisimplicial spectra 

oo 

U*+^ {R; R\kM * , B.N ) = flU" {R; M, . . . , M, B.N ) ® 5" . 

a 

a times 

Using the fact that 5" ~ 5^ A ... A 5^ B.M ~ M O S"^ and the multilinearity of the ^7's, 
we have that each V{R:, M, . . . , M, B.N )®S'' is equivalent to U''{R:, B.M . B.M . B.N ) 
and hence the result. 

Proposition 10.6: For a ring R and simplicial i?-bimodules M and AT, using the map e 
and the equivalences of Lemma 10.3 and Corollary 10.5 

W{R; B.M © B.N ) THHj RtKM ; B.N ) x W{R; B.M ). 



11. Proof that the trace induces the equivalence on section 10 

In section 10 we showed that the two fibers used in Technical Lemma 9.4 agree in a 
2k + 1 range if the bimodule N being considered was ^-connected. In this section we will 
show that the trace map defined in section 9 induces the equivalence on the fibers in a 
2k range as suggested by section 10. We now recall, from [Mcl], primarily page 218 and 
[DMcl], section 4 details that allow us to construct an unstable model for the composite 
7 used in Proposition 10.2. The following notation will be convenient for this purpose. 

Notation. If P is a category of diagrams of projective right i?-modules and M. is the 
category of diagrams of the same form of right i?-modules, we will for brevity write 

R{P) = Homp (P,P) 

and 

Mp = RomM{P, P ®R M) 
for any P e P and any P-bimodule M. 

We recall, using this notation, that for a discrete ring P, 
K{R] M) = stabilization w.r.t. Waldhausen's S— construction of V h->^ \J Mp 

P€V 
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on Vr. As in the proof of Theorem 3.4 in [DMcl], the point here is that 

K{R-M) = VL\ W Horns. x«(c,c0M) I 

cES.Vr 

and 

K{R) = K{R; 0) = niSVu]. 
By [W] , the S-construction stabihzing maps induce equivalences 

^\S.Vr\ ^ n^\S^^^VR\ ^ Q^IS^^^VrI 

and similarly 

Q\ Yl Homs. x«(c, COM) I ^ ^2 1 -Q Hom5(2)^^(c,c®M)| ^ 

ces.Vr ces(^)VR 

As is shown in the proof of Theorem 3.4 of [DMcl], for each p the map 

hofib(| l[ Hom5(,)^^(c, c0 M)| ^ \S^p^Vr\) 
ces(p)VR 

^ hocofib(|5(^')Pii| I Y[ Hom5(,)^^(c,c® M)|) 

ces(p)VR 

~| y Hom5(p)^^(c,c0M)| 

ces(p)VR 

is (2p — 3)-connected (where is the map which sends every c to the zero map c — > c(8)M), 
and thus the homotopy cofiber spectrum is the same as the spectrum K{R; M). 

By Proposition 6.14 and Corollary 6.17, we know that 

M)^" = stabilization w.r.t. the S-construction oi V ^ \/ ?7^(E|p; M|p)^" 

P€V 

on Vr. We observe that 

RomT,^^jP®R{Rp<M),P(^R{RiKM)(^ji^MN) ^ liom-p^{P, P ^r N) 
In other words. 

Similarly, 

Homp ^ (P ®R {R\xM),P0R {R\xM)) 

^ Hom^,^ (P, P ^R (RiK M)) ^ Homp^ (P, P) Homp^ (P, P 0^ M) 
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and taking into account the composition product, we can write this as 

R{P ®fl {RtKM)) = R{P)tKMp. 

Given m G Mp, we let (l,m) be the obvious isomorphism in R(P)[xMp. We note that 
(1, m) o (1, m') — (1, m + m') and for n e Np, [1, m) o n = n = n o [1, m) . Thus, we have 
a representation 

Mp ^ GL{R{P)t<Mp) 
whose image acts trivially on Np. Here GL is used to indicate the invertible elements. 

We obtain a natural simplicial map 

Np X BMp ^-ili*) THH4 R{P)p<Mp ;Np) 

where R{P)^Mp, Np are viewed as an FSP on the category consisting of one point associ- 
ated to the ring i?(P)ixMp, and the bimodule on that FSP associated to the R{P)t<Mp- 
bimodule Np. Note that 

R{P)\xMp = Vr\;^m \p®r{r\^m) 

and 

Np_ = K\p®ji{R\KM)- 

Lemma 11.1: The natural transformation 

V THH,{ R{P)kMp -Np) -^^^^ \l THH4 R{P)^Mp ;Np) 

(obtained by tensoring the indexing category -ktSiRR^M) is an equivalence after stabiliza- 
tion. 

Proof. The domain of this map can be written as 

V Ul{ R{P)^xMp ;Np)= y Ul{m<M\p,N\p)^ \/ U*+\Vr\p; m<M\*p, N\p), 

P£Vr P&Vr P&Vr 

and so stabilizes to R[kM * , N_) by the non-equivariant analog of Corollary 6.17 

which allows different bimodules in the * + 1 bimodule positions (and is proved in exactly 
the same way). 

The target of the map can be written as 
V Ul{ RiPyMp ;Np)= \/u hR^M \p,N\p)= ^ U*+\Vp^\p-, m<M\*p, N\p), 

P^T'hIKm P^T^HiKM P^^n^M 
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and similarly stabilizes to U*~^^('P Rtx m: R^M *,N_). On Vji^mi R^M is the same as 
Vff^Mi but we write it in this way to keep the parallel clear. If we abbreviate the map 
★ ®R R[xM to t : Vfi Vr^Mi the map in the statement of the lemma stabilized to the 
obvious map induced by t, noting that -RixM on Vr is the same as t* of R[kM on Vj^p^M 
and that N_ on Vr is the same as t* of N_ on V^i^m- Thus the map we are interested in 
is the bottom horizontal map in the commutative diagram 

U*+\VR\R-^{t*R^)\l,{rN)\R) ^ U*+H 'Prp<m \rp<m-:R^\*r^m^N\r^m) 

where the vertical maps are induced by the inclusion. By the non-cquivariant analog of 
Proposition 6.13 which allows different bimodules in the * + 1 bimodulc positions (and is 
proved in exactly the same way), these vertical maps are equivalences, so to show that the 
bottom horizontal map is an equivalence, it suffices to show that the top horizontal map 
is. The top horizontal map is a map of t/'s of FSP's and bimodules over a one point set, 
and can also be written as the map 

U*+\R] Rp<M_* , K) U*+\Rp<M;, Rp<M_* , N) 
induced by t on the FSP's. It is an equivalence because of the diagram 
Uq+\R; Rp<M_* , N) = U^+H Rp<M ; Rp<M \N) 

U*+^{R; R\><M *,N) ^ U*+^{RkM_; RkM_* , N) 

where the vertical maps are equivalences by the non-cquivariant analog of Proposition 10.4 
which allows different bimodules in the * + 1 bimodule positions (and is proved in exactly 
the same way). 



11.2. A Model for 7: The stabilization of the composite 

V NpxB^Mp ^ \l THH,{R{PyMp-Np) \j THH,{R{P)^Mp- Np) 

pev Per p^t^Km 

is a natural transformation from K{R\ N ® B.M) to K{R^M\ N). When N is replaced 
by B.N, this (by [DMcl] and [Mcl]) is a model for the natural transformation 7 used in 
Proposition 10.2. 



By the discussion in the beginning of section 9, for any i?-bimodule M, the map of 
spaces (not spectra) from Mp to Uq{Vr., M)^" 

m I— > m A m A ■ ■ • A m 

e[ M|p(5°) A • • • A M|p(5°)]^" 
— > [holimjfc+irj^°^-^^'=(M|p(S'^o) AM|p(5^i) A . . . A M\p{S^'^)f- 
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stabilizes to the map K{R;M) — > U'^jJ^R', M)^" used in the construction of the trace 
map j3. Using this and the definition of the maps e„ in Lemma 10.3 we obtain the following. 



11.3 A Model for the W fiber map: The composite 

oo 

K{R- M®N)^ WjVj,- M®N) YlU'^iT^^M'^-^N) 

a=l 

is equivalent to the stabilization of the natural transformation determined by the product 
of the maps Pa 

(a— 1) times 
n / \ ' ^ 

Pa (to X n) = m l\ ■ ■ ■ l\m l\n 
{M®N)p^Mp®Np U^{Vr\p;M\%-\N\p) 

for all P eVR. 



By the models in 11.2 and 11.3 and the equivalence in Corollary 10.5 it will suffice to 
to prove the following proposition to finish the proof of Technical Lemma 9.4. 



Proposition 11.4: For R a ring and M and N i?-bimodules, there are maps pA which 
make the following diagram commute: 

B.MpxNp ^ THH{R{P)tKMp,Np) 



nr=o USi RiP) ; B.Mp , . . .,B.Mp,Np) nr=o Uia)o{R{Py,Mp,Np) 

nr=o U^i RjPy , B.Mp , B.Mp, Np) ^^l^" nZoU{aUR{Py,Mp,Np) 
where we define bisimplicial spectra U{a){R{P); Mp , Np ) by 

U{a)l{R{P)-Mp,Np)= \[ U:+\R{Py,F,,...,F,,Np) 

l<jl<---<ja<* 

with 

p ^(Mp iite{ji,...,ja} 
* 1 R{P) otherwise. 

In other words, if we break R{P)\KMp as a bimodule down into R{P) © Mp , then 
U{a){R{Py Mp, Np) is the part oiTHH{R{P)\><Mp, Np) which contamsexactlya^ Mp's. 
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We recall from Proposition 10.4 the equivalence 

THH^{ R{P)\xMp , Np ) ^ U*+\ R{P) ; R{P)\xMp , Np) ^ U:+\ R{Py , R{P)\xMp , Np ). 

By the multi-linear property of the U, we see that we have a natural equivalence of bi- 
simplicial spectra 

oo 

U:+\ R{Py , R{P)lKMp ,Np) n U{a):{R{Py,Mp,Np). 

a=0 



Lemma 11.5: For all a, U{a)^{R{Py,Mp,Np) U{a)l{R{Py,Mp,Np). 



Proof. We have a commutative diagram: 

U^+\R{PyR{P)KMp,Np) ^ UZoU{aro{R{P);Mp,Np) 



U:+\ R{PyR{P)p<Mp ,Np) ^ UZoUia):{RJ^,Mp,Np) 

where the horizontal maps are equivalences by the decomposition into homogeneous pieces 
as explained above and the left vertical map is an equivalence by Proposition 10.4. Thus, 
the right vertical map which makes the diagram commute, namely the inclusion, is an 
equivalence. However, this inclusion is a product of maps and hence each of them is an 
equivalence as well. 



Composing 1 + ★ with the projection equivalence from THH{R(P)p<Mp, Np) 
YiT=o U{a){R{P); Mp_, Np) we obtain simplicial maps 
(1) r/" : B^Mp x Np ^ U{a)*{R{Py Mp, Np) 



In order to better express the maps 77" we make the following observations. Let 
Surj^([a], [k]) be the set of surjective monotone maps from [a] to [k]. For a e Surj^([a], [k]) 
and I < j < k, we will write /ij(cr) = min{cr~-'^(j)}. We have an isomorphism of sets 
from Surj^([fc], [a]) to {1 < ji < . . . < jk < a} given by sending a e Surj^([a], [k]) to 
{//i((7), . . . ,iJ,k{o')}- With these conventions, the maps r/" are the composites: 

(n, mi X • • • X ruk) 

creSurj^([A;],[o]) 

gj^ou...uo -Q (iVp(5°)AFi[5°] A...AFfc[5°]) 

1 </il (cr) < . . . (o-) <o 

holimjfc+if]^°^-^^'= Yl (iVp(-S^°) A A ... A Fk[S'"']) 

l</ui(CT)<...</ife(o-)<a 

= U{a)!^{R{PyMp,Np) 
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where Ff are as, as before, Mp if t = Hj{cr) for some j and R{P) otherwise, and where 
a*{n A ?Ti^tj(cr) A ■ ■ ■ A m^^(a-)) has n in the O'th coordinate, m^.(^^^ in the fij{cr) coordinate, 
1 < J ^ and Iji in the others. 

We now define, for all a, bi-simplicial maps (which are equivalences) 

U:{R{Py, {B^MpY.Np) ^ U{a)l{R{P)-Mp,Np). 

In order to do this, we first make a few general remarks about simplicial constructions and 
then apply them to this specific application. 

Let — A^/d as a simplicial set. That is, Aj^^j = HomA([n], [k]) and d is the usual 
subsimplicial set determined by the k — 1 subskeleton. We also have the simplicial set 

k times 
. ^ 

5^ A---A5^ 

by which we mean the diagonal of the obvious fc-fold multisimplicial set. We know that 
after realization, this is homeomorphic to but there is not a simplicial map that realizes 

k times 

, ^ ^ 

to a homeomorphism. There are exactly A;! simplcial maps from N--- NS^ which 

k times 
, ^ ^ 

realize to homotopy equivalences, one for each of the non-degenerate cells of 5'^ A • • • A 5'"'^ 
in dimension k. We will be wanting to use one of these simplicial maps. 

We can first look at . It has one point in every simplicial dimension less than k. 
In dimension k it has one non-degenerate element corresponding to the identity on \k\. In 
dimension n larger than k it has an element for every ordered surjection from [n] to [/c] 
and one other point, *. Thus, we can write 

'5[t] = SurjA(W,W)+ 

fc times 
, s 

Now we want to write down simplicial maps from f\ - • • t\S^ which are homo- 

topy equivalences. The critical dimension is k. Given a sequence (ti, . . . , r^) of surjections 
[n] [1], we can associate a sequence of non-zero positive integers by looking at the car- 
dinality of the inverse image of 0, i.e. {|T]~^(0)|, |t2~^(0)|, . . ., |t^^(0)|}. However, we can 
also express this as {/ii(Ti), //i(t2), . . . , //i(t/s)} since /^i(t) = min(T~^(l)) = |t~^(0)|. A 
sequence 

k times 

. s 

(Ti,...,Tfc) e5^A---A5j\] 

is non-degenerate if and only if the sequence {/ii(Ti), /ii(r2), . . .,A*i(Tfc)} has no repeated 
terms. 
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k times 

. ^ ^ 

We define a to be the simpficial map from 5^ A • • • A to as follows: On the /c - 1 
skeleton it must be trivial, in simplicial dimension k it takes the non-degenerate simplex 
whose sequence is (1,2,..., fc) to the identity in ^'j^j and all others to the basepoint. This 
determines a map of the ^-skeletons and hence by extension of degeneracies a map of the 
simplicial sets (as both have only degenerate simplicies in dimensions greater than fc). 

We actually need to understand a explicitly in all simplicial dimensions. To do this, 
we simply need to see how degeneracies operate in both settings. When we do, we find 

k times 
, s 

that we can describe a as follows: a simplex ti, . . . ,Tfc e A • • • A S]^^^^ is sent to the 

basepoint if its associated sequence {mi(Ti), mi(T2), . . . , mxirk)) £ {1,2,..., n)^ is not 
monotone increasing. If it is monotone increasing, then it is sent to the monotone surjection 
"(ti, . . . ,Tn) e Surj^([n], [/c]) given by: 

/^j(a(ri,...,Tn)) =[ix{Tj). 

We now return to constructing bi-simplicial equivalences 

Pa : U^iRjP); B,Mp, . . . , B^Mp, Np) U{a)l{R{P)-Mp,Np). 

We observe that because U"^ commutes with realizations in each of its bimodule variables, 
we have a simplicial map which is an equivalence in each simplicial dimension: 

a times 

, ^ s 

(2) Ul{ R{P) \ B^Mp, BMp, Np) K{ R{Py , Mp ,...,Mp,Np)^S^ A--- AS\ 
Applying the simplicial map a we obtain an equivalence 

a times 

. V 

U^i RjPy , Mp ,...,Mp,Np)^S^ A---A ^ Ki RjPy , Mp , ...,Mp, Np) (g) 5". 
We have a bi-simplicial map which is a homeomorphism 

U:{R{P);Mp, ...,Mp,Np)®S:^ U{a):{R{P); Mp, Np) 



n U:{R{P);Mp,...,Mp,Np) 

(3) creSurj^([fc],[a]) 

^ n a%U:{R{P);Mp,...,Mp,Np)) = {R{P) ■,Mp,Np). 

aeSuvi^{[k],[a]) 

We define pa to be the composite of these equivalences. 
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Proof of Proposition 11.4- It is enough to show rj"' = Pa°Pa for ciU a where rj"' is the piece of 
!+★ as defined in (1) and f3a was defined in 11.3. Let (mi, . . . , m^, n) G B^Mp x Np. Then 
/3a ("^1 7 • • • 7 ""^fc; ^) is the image in the homotopy coHmit of the element nA(mi x ■ • ■ xm^)^". 
Via the equivalence in (2), this element is mapped to the element in the homotopy colimit 
repesented by 

n ^ ™Mi(7i) ™Mi(72) A • • • A m^,(^„)) 

7i,---,7aeSurj^([fe],[l]) 

The simplicial map a composed with the map in (3) will send this element to the image 
of the element in the colimit of ri(TeSurj^([fe] [a]) '^*('^ A m^j(o-) A • • • A m^^.(o.)) which is the 
image of ry". 
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